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Abstract. Let g = g° g 1 be a ^-graded Lie algebra. We study the posets 
of abelian subalgebras of g 1 which are stable w.r.t. a Borel subalgebra of g°. In 
particular, we find out a natural parametrization of maximal elements and dimen- 
sion formulas for them. We recover as special cases several results of Kostant, 
Panyushev, Suter. 
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I. Introduction 

Let q be a finite dimensional complex semisimple Lie algebra. Let a be an 
involution of and = 0° ©0 1 be the corresponding eigenspace decomposition. Fix 
a Borel subalgebra b° of the reductive Lie algebra 0°. In this paper we deal with 
the following problem: parametrize the maximal abelian b° -stable subalgebras of g 1 
and find formulas for their dimension. 

This kind of problem has ancient roots. A prototypical version of it is Schur's 
theorem [18J . stating that there exist at most |_^-J + 1 linearly independent com- 
muting matrices in gl(N). To make a long story short, developments related to 
Schur's result (whose proof had been simplified by Jacobson [7] in the 50's) can be 
summed up as follows. 
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1945: Malcev [T3] found the maximal 
dimension of an abelian subalgebra of 
any simple g. 

1965: Kostant [9] found a connection 2001: Panyushev [T3J generalized 
between the eigenvalues of a Casimir of Kostant's results to the graded setting, 
g and the commutative subalgebras of g. 

2000: Peterson's Abelian ideals theo- 2004: Cellini-Moseneder-Papi found 
rem (cf. HI]): the abelian ideals of a a uniform enumeration of b°-stable 



Borel subalgebra of g are 2 rk ^ s \ abelian subalgebras of g 1 (cf. [3]). 

2003: Panuyshev [T7] found a natu- 
ral bijection between maximal abelian 
ideals of a Borel subalgebra of a simple 
Lie algebra and long simple roots. 

2004: Suter [19] gave a conceptual ex- 
planation of Malcev's result, providing 
a uniform formula for the dimension of 
maximal abelian ideals of a simple Lie 
algebra. 

In these terms, solving our initial problems means filling in the missing slots in 
the right column. Indeed, what links all these problems is their interpretation in 
terms of u-cohomology, u being the nilpotent radical of the parabolic subalgebra 
(C[t] <g> g) R L(g, a) in the affine Kac-Moody algebra L(q, a). This remark is at 
the basis of Kostant's paper [12], and it is generalized to the graded setting in 
[14] . In the latter paper it is shown that combining Garland-Lepowsky theorem 
on u-cohomology with the relationships between the Laplacian associated to the 
standard Eilenberg-Chevalley boundary and the Casimir elements of L(q, a) and 
g°, it is possible to prove the following results, which motivate and give applications 
to our initial problem. 

Given a commutative subalgebra a of g 1 with basis v i, . . . , Vk, consider the vector 
v a = vi A • • • A Vk G A k g 1 and let Ak be the span of the v a 's when a ranges over 
the fc-dimensional commutative subalgebras of g 1 . Let finally mk be the maximal 
eigenvalue of the Casimir element of g° w.r.t. the Killing form of g on A k g 1 and Mk 
the eigenspace of eigenvalue k/2. 

Theorem (Kostant, Panyushev). 

(1) m k < k/2; 

(2) mk = k/2 if and only if Ak ^ 0. In such a case Ak = Mk; 

(3) A = ~^2 k Ak is a multiplicity free g° '-module whose irreducible pieces are 
indexed by the b° -stable abelian subalgebras of g 1 . 

Another result which is naturally explained by the cohomological approach is 
Peterson's theorem quoted above. This theorem admits an interpretation in terms 
of the geometry of alcoves, which we presently explain. Let b be a Borel subalgebra 
of g, which we temporarily assume to be simple. An abelian ideal i of b, being 
stable w.r.t. the Cartan component of b, is a sum of root subspaces relative to a 
dual order ideal A of positive roots of g. Peterson's trick consists in considering 
the set of positive affine roots —A + 5,5 being the fundamental imaginary root of 
L(g,a). It's easy to check that this set is biconvex, hence is a set of generalized 
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inversions of an element w G W, the Weyl group of L(g,cr) (see Subsection 12. 2j) . 
Peterson calls minuscule an element w G W associated, according to the above 
procedure, to an abelian ideal. It is shown in |TJ that w is minuscule if and only if 
wC\ C 2C*i, C\ being the fundamental alcove, i.e. a fundamental domain for the 
affine action of W on (f)o)a- This fact explains the enumerative result. It can be 
rephrased by saying that there exists a suitable simplex in (F)o)m paved by the abelian 
ideals. The graded generalization found in [3], though much more complicated, is 
in the same spirit: the b°-stable abelian subalgebras of g 1 are indexed by alcoves in 
a polytope D a , of which explicit equations are provided. This result will be recalled 
and refined in Section [3], and is the starting point for our investigation of maximal 
b°-stable abelian subalgebras of g 1 . Let W® b be the subset of W formed by the 
elements indexing the alcoves of D a . We locate a special subset A4 a (see ( 13. 3p ) 
of bounding walls, with the property that if w is maximal (i.e., the corresponding 
b°-stable abelian subalgebra is), then w{Ci) has a face onM„. We are therefore 
reduced to study the posets 

2«,„ = {we W? | w(a) = /i}, 

where a is a simple root of L(g, cr) and fi G M. a . This is done according to the 
following steps. 

• We provide a criterion for X QjA1 to be non empty. Moreover we show that 
X Qi/i , if non empty, has minimum (Theorem 14. lUj) . 

• We determine the poset structure of I a ,n, by relating it to a quotient of the 
subgroup W a of W generated by the simple reflections orthogonal to a by 
a reflection subgroup W' a (Theorem 15. 6p . 

• We look at intersections among the posets X a ^, and we find necessary and 
sufficient conditions in order that the intersection of two such posets is non- 
void. 

• We study maximal elements in X a ^. We show that when W' a is not standard 
parabolic, maximal elements appear in pairs of X QjAt 's: if w is maximal in 
X QiM , then there exist a unique simple root (3 and a unique wall // G .Mo- 
such that w is also maximal in X^ jjU / (Lemma I7.4p . 

• We determine which maximal elements in X a /J are indeed maximal in 
(Propositions EUO]). 

We finally provide a complete parametrization of maximal abelian b°-stable sub- 
algebras (Theorem IT.3|) and uniform formulas for their dimension (Corollary I7.6p . 
Our results specialize nicely to Panyushev's and Suter's theorems quoted above (see 
Remark 17. ip . But it is worthwhile to note that new phenomena appear, like the 
presence of maximal subalgebras indexed by certain pairs of simple roots lying in 
different components of Ao. To illustrate this fact, we state here our result in the 
special case when g° is semisimple and a is of inner type. In this case, by Kac's 
theory, we can choose a set of simple roots II for g in such a way that there is a 
unique simple root a G II such that a(x) = — x for x G g„ and a(x) = x for x G Qp 
with f3 G LT \ {a}. Let Aq = JJJ =1 A + (£j) be the decomposition of the (positive) 
root system of g° into irreducible subsystems. Set fa = 8 — 9^, 1 < % < r, 9^ being 
the highest root of A(£j). 

Theorem. In the above setting, the maximal b°-stable abelian subalgebras of g 1 are: 
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• maxl ajl! , 1 < % < r, a being a long simple root in (see Def. \4-l\ ) if 
8-£ t is long or in Sj if 6^ is short; 

• max (Za,^ nl^^.) , 1 < i < j < r, a G Sj, (3 G £; freing kmg simple roots. 
The dimensions of these maximal subalgebras are given by formulas (I7.4p . ( 17. 5p . 

(E6D. 

2. Setup 

2.1. Twisted loop algebra and automorphisms. Let g, cr be as in the Intro- 
duction. We assume that a is indecomposable, i.e. g has no nontrivial a-invariant 
ideals. Let (■,■) be the Killing form of g. For j 6 Z set j = j + 2Z, and let 
q3 = {X G g | o-pf) = (-1) J 'X}, so that we have g = g 5 © g 1 . We let L(g,a) be 
the affine Kac-Moody Lie algebra associated to a in [101 Section 8.2]. Let f) be a 
Cartan subalgebra of g°. As shown in [TO] Chapter 8], h contains a regular element 
hreg of g. In particular the centralizer Cent(t) ) of f) in g is a Cartan subalgebra 
of g and h reg defines a set of positive roots in the set of roots of (g, Cent(f) )) and 
a set Aq of positive roots in the set A of roots for (g°, f) ). Since a fixes h reg , 
we see that the action of a on the positive roots defines, once Chevalley generators 
are fixed, a diagram automorphism r\ of g that, clearly, fixes t)o- Set, using the 
notation of [10J, f) = t) © CfC © Cd Recall that <i is the element of L(g, cr) acting 
on L(g,a) fl (C[t,t _1 ] © g) as t^, while if is a central element. Define 5' G f)* by 
setting 8\d) = 1 and <5'(f)o) = ^'(-^) = and let A i— > A be the restriction map 
P) — >■ P)o- There is a unique extension, still denoted by (•,•)> °f the Killing form of 
g to a nondegenerate symmetric bilinear invariant form on L(g, a). Let : h — > f)* 
be the isomorphism induced by the form (■,■), and denote again by (•, •) the form 
induced on f)*. One has (5', 5 f ) = (5', P)q) = 0. 

We let A be the set of f)-roots of L(g, a). We can choose as set of positive roots 
A + = Aq U {a G A | a(d) > 0}. We let II = {a , . . . , «„} be the corresponding 
set of simple roots. It is known that n is the rank of g°. Recall that any L(g, a) is 
a Kac-Moody Lie algebra q{A) defined by generator and relations starting from a 
generalized Cartan matrix A of affine type. These matrices are classified by means 
of Dynkin diagrams listed in [10] . 

Following [TUl Chapter 8], we can assume that a is the automorphism of type 
(?7; So, ... , s n ), where rj is the automorphism of the diagram defined above. Note 
that, since a is an involution, rj 2 = Id. We do not assume here that g is simple, 
but, as explained in [8j, most arguments given in [10J can be safely extended to the 
setting where g is semisimple but not simple. This latter case, i.e. g = t © t, t a 
simple Lie algebra, a the flip, will be referred to as the adjoint case. Recall that, if 
a , . . . ,a n are the labels of the Dynkin diagram of L(g, a) and k is the order of 77, 
then k(Y^i=o SiCLi ) = ^- Recall also that s , . . . , s n are relatively prime so we must 
have that Sj G {0, 1} and Sj = for all but at most two indices. The case in which 
we have two indices equal to 1 will be referred to as the hermitian case (indeed 
g/g° is an infinitesimal hermitian symmetric space). Since a is the automorphism 
of type (r/; s , . . . , s n ), we can write aj = Si5' + oq and the set il = {ctj | Sj = 0} is 
the set of simple roots for g° corresponding to Aq. Set also IT = II \ il . 
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Introduce 5 = J2i=o a i a i an< ^ no * e ^ na ^ ^ = (SILo a * Si )^' = f^'- Set a ^ so a 
(a 2 a -) Z/ ~ 1 ( Q: ») an d ^ { a o;---' a n} be the labels of the dual Dynkin diagram of 
L(g,a). 

We assume that K is the canonical central element [10, 6.2], K = Y^i=Q a t a "i ■ 
If we number the Dynkin diagrams as in [TOJ Tables Affl, Aff2, Aff 3] then, by 
Sections 6.1, 6.2, 6.4 of [TO], 

(21) K= 2a ° u-i(6). 

\\o — a a Q \\ 

Set finally g = XliLo ^- This num ber is called the dual Coxeter number of 

We let W be the Weyl group of L(g, a). Set (F)o)r = © QG nIRa v and Ijk = ISLd © 
RK © (f) ) K . Set 

(2.2) d = {he (Mr I 5<(/i) > s h i = 0,...,n} 
be the fundamental alcove of W. 

2.2. Combinatorics of inversion sets. For w G W, we set 

JV(w) = {a G A+ | uT^a) G -A+}. 

If a is a real root in A + , we let s a denote the reflection in a. If a, is a simple root 
we set Si = s ai . 

The following facts are well-known. More details and references can be found 
in [2]. We will often use these properties in the rest of the paper without further 
notice. 

(1) N( Wl ) = N{w 2 ) =^ wt = w 2 . 

(2) if w — ■ • • s ik is a reduced expression for w, then 

N(w) = {ai^Si^a^), ...,s h - ■ ■ s^^)}; 
if moreover (3h = s^ - ■ ■ s» fc _ 1 (ofi h ), 1 < h < k, then 

(2.3) w = sp k s fih _ 1 ---8 Pl . 

(3) N(w) is biconvex, i.e. both N(w) and A + \ N(w) are closed under root 
addition. Conversely, if A + has no irreducible components of type and 
L is a finite subset of real roots which is biconvex, then there exists w G W 
such that L = N(w). 

(4) Denote by < the weak left Bruhat order: w± < w 2 if there exists a reduced 
expression for w\ which is an initial segment of a reduced expression for w 2 ). 
Then 

W\ < W 2 -<=>- N(wi) C N(w 2 ). 

(5) Set N±(w) = N(w) U -N(w). Then N ± (wiw 2 ) = N ± (w 1 )+w 1 (N ± (w 2 )), 
where + denotes the symmetric difference. In particular, the following prop- 
erties are equivalent: 

(a) N(w 1 w 2 ) = N(wi) U w 1 (N(w 2 )); 

(b) i{wiw 2 ) = £{wi) + £(w 2 ); 

(c) w 1 (N(w 2 )) C A+. 
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We also introduce the sets of left and right descents for w G W: 

L(w) = {a G n | £{s a w) < £{w)}, 

R(w) = {a G n | £{ws a ) < £(w)}. 
We have that L(w) = fi H N(w), R(w) = S n iV^ 1 ). 

2.3. Conventions on root systems. 

2.3.1. We number affine Dynkin diagrams as in [101 Tables Affl and Aff2]. 

2.3.2. If v G we set v ± = {x G 5* I (ar, u) = 0}. 

2.3.3. If 5 C n, we denote by A(S) (resp. A + (5*)) the root system generated by 
S (resp. the set of positive roots corresponding to S). If A C A + we denote by 

the Weyl group generated (inside W) by the reflections in the elements of A. 
We often identify subsets of the set of simple roots with their Dynkin diagram. 

2.3.4. If R is a finite or affine root system and Ur is a basis of simple roots, we 
write the expansion of a root 7 G R w.r.t. ITr as 

(2.4) 7 = c Q (7)7- 
We also set, for a G R, 

supp(a) = {(3 eU R \ c^a) ^ 0}. 

2.3.5. If R is a finite irreducible root system and II is a set of simple roots for R, 
we denote by 6 R (or by #n) its highest root. Recall that the highest root and the 
highest short root are the only dominant weights belonging to R + . We will use this 
remark in the following form: 

aeR + ,a long , (a,/3) > 0V/3 G R + a = 6 R . 

2.3.6. We recall the definition of dual Coxeter number g R of a finite irreducible 
root system R. Write 9 R = ^2 a€nR c a v{6 y )a y and set 

(2.5) g R =l+J2 C Q v(^ V ). 

aen fl 

2.4. Reflection subgroups and coset representatives. Let G be a finite or 
affine reflection group and let I be the length function with respect to a fixed set of 
Coxeter generators S. Let R be the set of roots of G in the geometric representation, 
U R a system of simple roots for R, and R + the corresponding set of positive roots. 
Let G' be a subgroup of G generated by reflections, and R' be the set of roots a G R 
such that s„ 6 G', which is easily shown to be a root system. By [5], 

H RI = { a eR + I N(s a ) D R' = {a}} 

is a set of simple roots for R', whose associated set of positive roots is R' + = R'C\R + . 

Given g G G, we say that an element w G G'g is a minimal right coset representa- 
tive if £{w) is minimal among the lengths of elements of G'g. It follows from [5] by a 
standard argument that a coset G'g has a unique minimal right coset representative 
w and this element is characterized by the following property: 

(2.6) w-\a) G R + for all a G R' + . 
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We will always choose as a coset representative for G'g the minimal right coset 
representative and (with a slight abuse of notation) we denote by G'\G the set of 
all minimal right coset representatives. Thus the restriction of the weak order of G 
on G'\G induces a partial ordering on G'\G. When saying the poset G'\G, we shall 
always refer to this ordering. 

2.4.1. If a G R and G' is the stabilizer of a in G, then, for each g G G, the minimal 
length representative of G'g is the unique minimal length element that maps g~ l a 
to a. By formula 12.61 this element is characterized by the property 

(2.7) w~ l (f3) G R + for all (3 G R + orthogonal to a. 

2.4.2. A reflection subgroup G' of G is standard parabolic when U R i C U R . In this 
case, if g G G and w is the minimal right coset representative of G'g, then g = g'w 
with g' G G' and £(g) = i(g') + £(w). In particular N(g) n R' = N(g'). Moreover, 
it is well known that g itself is the minimal representative of G'g if and only if 
L{g) C IL R \ U Rf . Therefore G'\G = {w e G \ L(w) C U R \ U R ,}. If G is finite, 
the poset G'\G has a unique minimal and a unique maximal element. The identity 
of G clearly corresponds to the minimum of G'\G. If wq is the longest element of 
G and w' is the longest element of G', then we have that N(w' wo) = R\ R'. If 
w G G'\G, then N(w) C R \ R'; therefore w' Q wo is the unique maximal element of 
G'\G. Note that 

(2.8) £(w' w ) = \A + (R)\-\A + (R')\. 

2.5. Special elements in finite Weyl groups. We sum up in the following state- 
ment the content of Propositions 7.1 and 7.2 from [2]. Attributions of the individual 
results are done there. The properties below will be used many times in the sequel. 

Proposition 2.1. Let R be a finite irreducible root system, W R its Weyl group. 
Fix a positive system R + and let U R , 9 R be the corresponding set of simple root and 
highest root, respectively. 

(1) For any long root a there exists a unique element y a G W R of minimal length 
such that y(a) = 9 R . 

(2) L(y a ) C {/3 G LTr | 9 R ) ^ 0}. 

(3) If conversely v G W R is such thatv(a) = 6 R and L{y) C {(3 G IIr | ((3,9 r ) ^ 
0}, then v = y a . 

(4) If a G H R , then £(y a ) = gn — 2, g R being the dual Coxeter number of R. 

(5) // a G IIr, and (3± + (3 2 = 9 R , (3i, (3 2 G R + , then exactly one element among 
(3i, (3 2 belongs to N(y a ), and any element of N(y a ) arises in this way. 

(6) Conversely, if y G W R is such that for any pair (3i, (3 2 G R + such that 
0i + P2 = 9 R exactly one of (3\,(3 2 belongs to N(y) and 9 R ^ N(y), then 
there exists a long simple root (3 such that y((3) = 9 R . 

(7) N(y- 1 ) = {(3eR + \((3,a^ = -l}. 

(8) 1 eR + } M«) = ==> iiN(y a ). 

3. BOREL STABLE ABELIAN SUBALGEBRAS AND AFFINE WEYL GROUPS 

Recall that LTo denotes the set of simple roots of 0° corresponding to A^. In gen- 
eral n is disconnected and we write £|n to mean that S is a connected component 
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of n . Clearly, the Weyl group Wq of 0° is the direct product of the W(Y), S|n . 
If #s is the highest root of A(£), set 

A = {a + Zk5 | a G A } U ±NkS, 

n o = n o u{M-0 s | £|n }, 

A + = A + U {a G A a(d) > 0}. 

Denote by Wq the Weyl group of A . Let A re = WU be the set of real roots of 
L($j,cr). If A G f)o, then we let 0a C be the corresponding weight space. We say 
that a real root a is noncompact if g 3 C 1 , compact if C 0°, and complex if it 
is neither compact nor noncompact. Note that, by the very definition of L(g,cr), 
if a G A re , then kS + a G A, while, if k = 2, 5 + a G A if and only if a is 
complex. Clearly, if 77 = Id, then any real root is either compact or noncompact. It 
is shown in p|] that, if is simple and rj 7^ Id, then a real root a is either compact 
or noncompact if and only if a is a long root (i.e., ||a|| is largest among the possible 
root lengths). If is not simple, since a is indecomposable, all the real roots are 
complex. 

If a G A, set (cf. (ED 

n 

ht a (a) = ^SiC ai {a) 

and, for « 6 Z, 

Aj = {a G A I ht a (a) = i}. 

Remark 3.1. Since = s^d' + a« (Section 12.11) . for any a G A, we have that 
a = ht a (a)5' + a. In particular, since k5 = 25', ht a (k5) = 2. By definition, the 
roots S|n , are the maximal roots having a-height equal to 0, with respect to 
the usual order < on roots: a < /3 if and only if /3 — a is a sum of positive roots or 
zero. It follows that the roots k5 — #s are the minimal roots having cx-height equal 
to 2. More generally, if s G Z, {sk5 — 9^, \ S|IIo} is the set of minimal roots in A2 S . 
Similarly, Hi + sk5 is the set of minimal roots in A 2s +i- 

Definition 3.1. An element w G W is called a-minuscule if N(w) C Ai. We 
denote by W^ 6 the set of a-minuscule elements of W. 

We regard as a poset under the weak Bruhat order. 

Remark 3.2. Note that in the adjoint case = £ © t, t simple, w is cx-minuscule if 
and only if N(w) C — Af + 5, Af being the set of positive roots of t. So we recover 
Peterson's notion of minuscule elements quoted in the Introduction. 

Remark 3.3. It will be useful, from a notational point of view, to introduce the 
following generalization of the a-height. Given A C II and 7 G A, set 

ht A {l) = J^c a (7). 

In particular, the a-height equals ht^ and the usual height equals ht^. In these 
two cases we will keep using ht a , ht. 
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Let a be the squared length of a long root in A + . Define 

(3.1) ns = n o u{fc5-0 2 | a < 2||# E || 2 } , 

(3.2) $o- = LTq U {a + k8 | a G III, a long and noncomplex} 
Remark 3.4. 

(1) It is immediate to see that LTq = n , unless L(q,o~) is of type G% or . 
Indeed, in the latter cases there exists E|n such that p^p = 3,4, respectively. 

(2) When |LTi| = 2, then both roots in ITi are long; moreover, for any E|IIo, both 
roots in IT are not orthogonal to E. This is most easily seen by a brief inspection of 
the untwisted Dynkin diagrams, recalling that, by Section I2TTI k = 1 and the labels 
of the roots in LTi in the Dynkin diagram of II are equal to 1. Anyway, we provide a 
uniform argument. Let IT = {a, (3}: since k = 1 and c a (5) = 1, 5 — a is a root and 
belongs to A(I1 \ {a}). Since the support of S — a is II \ {a}, we see that II \ {a} 
is connected. We claim that 5 — a is the highest root A(I1 \ {a}). Otherwise, if 
(3 > 5 — a and (3 G A(II \ {a}), then (3 — 5 would be a root with positive coefficients 
in some simple root in II \ {a} and coefficient —1 in a. In particular, we obtain 
that 5 — a is long with respect to A(II \ {a}) and, since it has the same length 
as a, that both 5 — a and a are long. For proving the second claim, observe that 
S U {/?} C Supp(5 — a) = H \ {a} and the latter is connected. Hence (3 has to be 
nonorthogonal to E. Switching the role of a and (3 we get the second claim. 

Consider the set 

D a = |J wC v 

wew- b 

(cf. (Q). If a G A then we let H+ = {h G (fj ) R | a(d+h) > 0}. The following 
result refines [21 Proposition 4.1]. 

Proposition 3.1. 

Proof. By (31 Propositions 4.1 and 5.8] and by Remark 13.41 (2). we have that D a = 
P| H+, where <&' a = IT U {a + k5 \ a G III, a long and noncomplex}. (Actually 

Propositions 4.1 and 5.8 of [3] cover only the cases when g is simple, but the 
argument is easily extended to the adjoint case.) Therefore, we have only to prove 
that we can restrict from n to LTq, i.e. that if E is a component of n such that 
a > 2||# s f, then < k for all x G D a . By Remark [331 (1), 6 is of type or 

A\ , in particular IT has a single element: set IT = {a}. Note that a is long. We 
proceed in steps. 

(1) a + 39s G A+: this follows from (a, 0£) < -2. 

(2) la + 3^ s G A+ : indeed (a, a + 36%) < and ||2d + 30 s || > 0. 

(3) kS— 2a— 39y; G Aq : relation k5— 2a— 39% G A follows from (2); it is also clear 
that it belongs to A . So it remains to show that it is positive. Indeed (1) 
implies k5 — a — 39% G A, and this root is positive since c„(fc<5 — a — 39^) = 1, 
hence {k5 — a — 39^) — a G A + . 
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Now we can conclude, since (kS — 2a — 30%) (x) > implies 9s(x) < | — |(a,:r) < 
k. ' □ 

Remark 3.5. In the adjoint case g = t © t simple, D a is twice the fundamental 
alcove of the affine Weyl group of 6. 

We let I° b be the set of abelian subalgebras in g 1 that are stable under the action 
of the Borel subalgebra b° of g° corresponding to Aq . Inclusion turns T° b into a 
poset. 

Proposition 3.2. [31 Theorem 3.2] Let w G Wf. Suppose N{w) = {p u . . .,(3 k }. 
The map Wf ->• X a ab defined by 

k 
i=l 

is a poset isomophism. 

Remark 3.6. The natural isomorphism of g°-modules g 1 = t^ 1 <8> g 1 maps the te- 
stable abelian subspaces of g 1 to b°-stable abelian subspaces of L(g,cx). Through 
this isomorphism, the map of the above proposition associates to w G W® b the 
b°-stable abelian subalgebra © i=1 L(g, c)-^. 



Set 

(3.3) A4 CT = $ CT \(nn$ CT ). 

Proposition 3.3. IfwE W" 6 is maximal, then there is a G II and fi G Ai a such 
that w(a) = ii. 

Proof. By Proposition 13. 1\ we have that, if a G IT, w(a) G A + , then ws a (Ci) <f_ D a , 
hence there exists ji G $ CT such that ws a (Cx) (jL H+. It follows that \i G N(ws a ). 
Since N(ws a ) = N(w) U {w(a}}, we see that w(a) = /i. We need therefore to prove 
that there is a simple root a such that w(a) G A + and w(a) ^ Uq. 

Assume on the contrary that, if a G II and w(at) G A + , then w(a) G n . 
Then, for all a G II, ht a (w(a)) < and, hence, for all G A + , we have that 
ht a (w(f3)) < 0. It follows that, for all G A + , if w(0) is positive, then w((5) G A . 
Equivalently, w(A + ) fl A + C A . Hence, in particular, u>(A + ) \ A + is infinite, but 
this is impossible, since w(A + ) \ A + = —N(w). □ 

4. The poset X a>fi and its minimal elements 
Given a G IT, G A^o-, set 

Ia,» = {w G Wf | w(a) = fl}. 

In this Section we find necessary and sufficient conditions for the poset X a>jU to be 
nonempty, and in such a case we show that it has minimum. 
We consider first the case fl — k5 — 9%, with S|n . 
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Definition 4.1. Let S|n 0; and consider the subgraph of IT with {a e II | (a, 6%) < 

0} as set of vertices. We call -A(E) £/ie union of the connected components of this 
subgraph which contain at least one root of Hi. Moreover, we set 

r(E) = A(E) n E. 

Remark 4.1. If |IIi| = 1 then, obviously, A(E) is connected. If \Hi\ = 2 then 
a brief inspection shows that there is only one case when A(E) is disconnected, 
namely when II is of type Cn^' '■ Note that in such a case n is connected and 6u is 
a short root. 

Example 4.1. (1). Let L(g, a) be of type (n > 5) and IIi = {a p }, 4 < 
p < n — 1. Then Il has two components, say E 1; of type D p , with simple roots 
{cfcj, | < i < p — 1}, and E 2 of type -B„_ p and simple roots {aij, | p + 1 < i < 
n}. We have A(Ei) = {a p _i, . . . , r(Ei) = {a p _i}, and A(E 2 ) = {a , . . . , 
a p+1 }, r(E 2 ) = {a p+ i}. We illustrate this example in the case n = 7, p = 4. 

9 «o 



(1) 

CKi «2 0:4 «5 a 7 



Bf> o 6 o • o 0=^=0 



o 



r(E0 



Q 



-O- 



A(E 2 



o 



-6- 



-o- 



-o 



(2). Let L(g, a) be of type E£> and IIi 



r(E 2 ) 

/g 1 ^ and Ii\ = {as}. Then U has two components: Si, 
of type A 5 , with simple roots {aii, . . . , a 5 }, and E 2 = {a }, of type Ai. We have 
A(Ei) = {a 2 , a 3 , a 4 , a 6 , a }, T(Ei) = {a 2 , a 3 , a 4 } and A(E 2 ) = II \ {« }, T(E 2 ) = 
0. 

«o O E 2 



«6 



E, 



(i) 



-o- 



ai a 2 



-O- 
Q 



Ei 



-O 



-o 



0:4 0:5 



A(Ei) 

r(Ei) 



o- 



-o- 



-o 



(3). Let L(g,a) be of type An\ (n > 2), and LTi = {a ,a p }, 1 < p < n. Then 
n has two components: Ei, of type A p _i, with simple roots {oti, | 1 < 2 < p — 1}, 
and E 2 of type A n ^ p and simple roots {ctj, | p + 1 < « < n}. We have and -A(Ei) = 
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E 2 U III, ^4(S 2 ) = Ei U IIi, and r(Ej) = for i = 1,2. In the following picture we 
display the case n = 6,p = 3. 




Ap 2 ) 

Remark 4.2. Assume that E|n , k5 — 6>s G M. a i a G IIi, and set 

r E = -(a,^). 

By Remark 13.41 (2), rs is independent from the choice of a G ITi. Moreover, we see 
that rs = 1 if and only if #s is long and non complex while, in the remaining cases, 
since we are assuming that k5 — #s G IIq, we have that rs = 2. If rs = 2, then, for 
a G IIi, either ||a|| = 2||0s||) or a = — #s- The latter instance occurs in the adjoint 
case, so that k = 2 and #s is long and complex. In the first case, #s is a short root, 
and k may be 1 or 2. In fact, k = 2 and #s is complex, except in the following two 
cases: g is of type B n , IIi = {a n ~i} and #s = a n or g is of type C n , IIi = {a , a n }, 
E = {«i, . . . ,a„_i}. 

From now on we will distinguish roots in two types, according to the following 
definition. 

Definition 4.2. We say that a G A+ is of type 1 if it is long and non complex and 
of type 2 otherwise. 

By the above remark, if k5 — #s G M. a -, its type is rs- 

Lemma 4.1. Assume E|n and k5 — 9-z G M. a - If ^ GZ, then A(H) is connected, 
—5 — 9j) is a root, and 

(4.1) supp f-^<5 - S J C A(E). 

Proof. Note that ^ G Z if and only if rs = 1 or k = rs = 2, in any case ^ G {1, 2}. 
If — = 2, then —5 - fee A and, if — = 1 then, either k = 1 or k = 2 and #s is 
complex. In both cases, ^5 — 9s G A. 

We now prove that supp(^6 — 9%) C A(E). Note that 111 C supp(^6 — 9%), 



hence we need only to prove that a supp(^5 — #s) for any a G E such that 
(a, 9y) > 0. We next show that, for such an a, we have c a (— 5 — #s) = 0. We have: 



2y = -£ c *0W'^)= £ cp(S)(0,(%)- 

(/3,fe)>0 

The first equality follows by the definition of rs, and the second by the relation 
(5, 6*s) = 0. If there is only one root a G E such that (a, #s) > 0, we obtain that 

—c a {S)(a,e$) = 2 = c a {6 E ){a,6l), 
rs 
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hence c a (^5 — 9s) = 0. If there is more than one root in S not orthogonal to 
9s then c a (9s)(ot, 9%) = 2, hence (a, 9s) = c a (9s) = 1 for all a G £ not 

(a,0 E )>O 

orthogonal to 9%. 

Since y- Yl c a(5) = 2, ^- G Z, and c a (5) > for all a G II, we obtain 

(«,e E )>o 

^c a (5) = 1 and again we have c a (^5 — 9s) = 0, as desired. □ 

Note that, if 9% is of type 1 or k = 2, then ^- G Z. In particular A(E) is 
connected. 

Proposition 4.2. Assume S|n and k5 — 9s G -M^. °f type h then k5 — 9s 

is the highest root of A(A(Ti)). If k = 2 and 9s is of type 2, then 5 — 9s is either 
the highest root of A(A(YA), or its highest short root. 

Proof. Our assumptions imply in any case that ^ £ Z, By ( 14. ip we have that 
^5 - 9 S G A(A(£)). By the definition of A(E), ^5 - # s is a dominant root in 
A(y4(S)), therefore, since A(A(E)) is a finite root system, we obtain that it is either 
the highest root of A(A(T,)) or its highest short root. If 9% is of type 1, then it is a 
long root, so, since rs = 1, k8 — 9-% is the highest root of A(A(E)). If 9s is of type 
2, then rs = 2, hence ^ = 1. In this case, may be short or long, and 5 — 9% is 
the highest short or long root of A(A(E)), according to its length. □ 

Lemma 4.3. Assume S|IIo, k5 — 9s G M. a and 9s of type 2. Let s be the element 
of minimal length in W such that s(9s) = k5 — 9s- Then s G W(A(T^)) and is an 
involution. Moreover, 

N(s) = {0eA+\(0,9% = -2}, 

in particular, s G W" 6 . 

Proof. First we assume k = 2. We claim that in this case s = s<5_6> E > which directly 
implies that it is an involution and, by Proposition I4.2[ that it belongs to W(A(H)). 
It is immediate that Ss^,g s (9s) = 25 — 9s- Moreover, for each a G A + which is 
orthogonal to 9s we have ss-e^(a) = a G A + , therefore, by subsection (12.4. ip . s is 
the unique element of minimal length that maps 5 — 9s to 25 — 9s- We study N(s). 
For each p G A + (A(T,)), 

s(0) = + (0,9%)(5-9s) 

hence s{/3) < if and only if (0,9%) < 0. Thus if (0,9%) = -2, then G N(s). 
It remains to prove the converse. Assume s(/3) < 0, hence (0, 9%) < 0: since 
(a, 9s) > for all a G II \ LTx, this implies that ht a (0) > 1. Now we observe that, 
if G N(s), then also —s(0) G N(s), therefore ht a (—s(0)) > 1 as well. Since 

ht a (s(P)) = ht*{P) + (0, 9%)ht a (5 - 9s) = ht a (0) + (0, 9%, 
we obtain that -(0,9%) = ht a (0) + ht a (-s(0)) > 2. But k5 - 9s belongs to 
M a C IT*, therefore, by (|3TTp . we have -(0,0%) < < 2^, so we can conclude 
that 0^) = 2 and ht a (0) = ht a (-s(0)) = 1. 

Now we assume = 1. By Remark 14. 2\ then either g is of type B n , II i = 
{a n -i} and 9s = a n , or g is of type C n , ITi = {a ,a n }, £ = {cui, . . . , a„_i}. In 
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the first straightforward check shows that s = s n _i • • • S2S0S1S2 • • • s n -i = 

s a +a 2 +...+a n - 1 s ai+a2 + ...+a n - 1 maps Oi n to 5 — OC n , OL n -\ to OJ„_l + 2tt n — 5, fixes 

2 and switches «o and oc\. A positive root 7 is orthogonal to 
a n if and only if c an _ 1 ( , y) = c an (-y). Therefore s keeps positive any positive root 
orthogonal to a n , as required. It is clear that s is an involution, being conjugated 
to sqSi. A direct computation shows that N(s) = {(3 G A + (I1 \ {«„}) | c Qn _ 1 (/3) = 
1} = {p e A+ \ 08, 9%) = -2}. 

For g of type C n , s = s s„ maps 9s = ai H h a n _i to 5 - 9s = a H ha n . 

Moreover, a root in A + is orthogonal to 9s if and only if it is of the form t4U(N5±A) 
where A is formed by the roots in the subsystem generated by a 2 , ■ ■ ■ , a n -2 and by 
the roots 2aj + . . . + 2a n _i + a n , 2 < i < n — 1 and a>i + . . . + a n . A direct check 
shows that these roots are kept positive by s, which is therefore minimal. It is 
immediate to see that N(s) = {a , a n } = {(3 e Af \ (f3, 6%) = -2}. □ 

Lemma 4.4. Assume E|IIo, k5 — 9s G M. a , ol G II, and ||a|| = ||0e|| ■ 

(1) ^ s 0/ fr/pe 1, a & A{YA, and w a is the element of minimal length such 
that w a (a) = k5 — 9s, then w a G W% b . 

(2) If 9s is of type 2, a G £, t> a is the element of minimal length in WiT) such 
that v a (a) = 9s, and s is the element of minimal length in W such that 
s (8x) = k5 — 9s, then sv a G W" 6 . Moreover, £(sv a ) = £(s) + £(v a ) and sv a 
is the element of minimal length in W that maps a to kb — 9s- 

Proof. (1). By Proposition 14.21 (1) and Proposition [2J] (5), if /3 G N(w a ), then there 
exists (3 f G A + such that f3 + (3' = k5 — 6> s . By Remark IXTl each root less than \x in 
the usual root order has cx-height strictly less than 2, hence ht a ((3) = ht a (f3') = 1. 

(2). Assume first k = 2, so that s = s$_g s . We first show that ss-e s {($) = (3+5— 9s 
for each (3 G N(v a ). This amounts to prove that (9s, (3) = 1 for each (3 G N(v a ), 
which follows again from Proposition 12. 11 (2). Thus we obtain that the cx-height of 
the roots in ss-e s (N(v a )) is 1; moreover, 

N(sv a ) = N(s s -e s ) U s s ^(N(v a )) 

and £(sv a ) = £(s) + £(v a ). Since by Lemma for each (3 G N(s), ht a ((3) = 1, 
we conclude that sv a G W" 6 . It remains to prove the assertion about the minimal 
length. Notice that the above considerations show in particular that, for each 
f3 G N(sv a ), we have that ((3, k5 — 9s) 7^ 0. By subsection 12.4. 1\ it follows that sv a 
is the unique element of minimal length that maps a to kS — 9s- 

In the case of B n , one has N(sv a ) = N(s) = {(3 G A + (n \ {«„}) | c an ^([i) = 1}. 
This follows noting that L(s) = {a„_i},£(s) = 2n - 2 = |A + (n\{a„})| - |A + (n\ 
{a n -i,a n })\. 

In the case C n , we first remark that sv ai = sq ■ ■ ■ • ■ ■ Sj+i, 1 < i < n — 1. 

Thus, 

N{sv aj ) = N(s ■ ■ ■ Sj_is n ■ • ■ s i+ i) 

= {« + . . . + Offc I < A; < i — 1} U {ah + ... + a n \i + l<h< n}, 

whose elements have clearly a- height 1. The same argument used in case k = 2 
proves that also in this case sv a is the unique element of minimal length that maps 
atok5-9s- □ 
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Lemma 4.5. Assume fi G Ai a , a G II, and w G T afJi . Then 

(1) for each (3 G N(w), fj, + (3 <£ N(w); 

(2) for each (3, (3' G A + such that (3 + (3' = \x, exactly one of (3, (3' belongs to 
N(w). 

Proof. (1). We have 

(4.2) N(ws a ) = N(w) U {^}. 

If, for some (3 G N(w), (3 + /x G A + , then by the convexity properties, we would 
obtain (3 + /i G N(w): this cannot happen since /ii cr (/5 + /i) > 3, while w is er- 
minuscule. 

(2). By the convexity properties, relation (I4.2p implies that N(ws a ) contains at 
least one summand of each decomposition /i = (3 + (3', hence N(w) does. Since 
/i G' N(w), it contains exactly one summand. □ 

Lemma 4.6. Assume /i=M-fls 6 M-a, a G II, and w G X a ^. Then there exists 
u G W such that 

{(3 G N{w) \fi-0e A+} = N(u). 
In particular, u < w. Moreover, u belongs to X a ^. 

Proof. Set U = {/3 G N(w) | /j — /3 G A + }. We first prove the existence of w: 
we have only to check that U is biconvex. We observe that, if /3, (3' G U, then 
f3 + f3' is not a root, otherwise it would belong to N(w), which impossible since 
ht a {[3 + /?')= 2 and w is a-minuscule. Thus we have only to check that, if /? G U 
and P — 7 + j', then at least one of 7, 7' belongs to U. Clearly, at least (in fact 
exactly) one of 7,7', say 7, belongs to N(w). We have to prove that /i — 7 is a 
positive root. Set /?' = fi — (3: by definition, /3' is a positive root and it is immediate 
that ht a {(3') = 1. Since 7 + 7' + = /i, at least one of 7 + /?', 7' + /?', is a root, 
otherwise, by the Jacobi identity, 7 + 7' + (3' would not be a root. But 7 + /?' cannot 
be a root, otherwise it would have a- height equal to 2, while being less than fi. 
Therefore /1 — 7 = 7' + is a root, as required. 

It remains to prove that u G T a ^. It is clear that u G W^ 6 , we have only to check 
that u(a) = fi. By Lemma 14.51 (2), N(w) contains exactly one summand of any 
decomposition of /i as a sum of two positive roots and, by the definition of u, N(u) 
has the same property. From this fact, we easily deduce that N(u)U{n} is biconvex, 
hence that there exist a simple root (3 G II such that N(usp) = N(u) U {/i}. But 
N(us/3) = N(u) U {u((3)}, hence u{(3) = \i. We must prove that (3 = a. Since 
u < w, there exists z G W such that w = uz and N{w) = N(u) U uN(z). If 
(3 j£ a, since w((3) = uz(/3) 7^ /i, we obtain that z((3) ^ (3, hence, by formula 
(12. 3p . that N(z) contains at least one root 7 such that 7 / (3. Then 14(7) JL ji 
and ^(7) G N(w) \ N(u): we show that this is a contradiction. In fact, ^(7) JL /i 
implies that either /x + 14(7) or /j — ^(7) is a positive root: the first instance is 
impossible by Lemma [4.51 (1); the second one is impossible because it would imply 
that u(y) G N(u). □ 

Assume /i = k5 — # 2 . In Lemma 14.41 we have constructed elements w a and sw a 
belonging to X a)M , under certain restrictions on a. In particular, we have proved 
that, under such restrictions, X„ iM is not empty. In the next proposition we prove 
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that if X ajA1 is not empty, then a must satisfy the conditions of Lemma I4~4l (1) (resp. 
(2)) and the element u built in Lemma I4TB1 is actually w a (resp. sv a ). We have 
therefore determined necessary and sufficient conditions under which X a41 is not 
empty. 

Proposition 4.7. Assume S|n 0; kd — 9^ G M. G , a G II, and w G I a ,fc<5-0 E - 

(1) If 9-£ is of type 1, then a G A(E) and w > w a . 

(2) If 9-£ is of type 2, then a G E and w > sv a . 

Proof. (1). Set \x = k5 — #s and consider the element u built in Lemma 14.61 By 
Lemma 14.51 (2) and by the definition of u, N(u) contains exactly one summand 
of any decomposition of /x as a sum of two positive roots, and each element of 
N(u) is one of the summands of such a decomposition. By Proposition 14.21 and by 
Proposition ^. II (6). there exists a simple root ft G A(E) such that u(ft) = //, and u is 
the minimal length element with this property. But u(a) = //, hence a = ft G A(E), 
and w = iOq,. 

(2). As above, we set \x = k8 — 6% and consider the element u built in Lemma 
14.61 We claim that in this case a G E and u = sv a , which clearly implies the thesis. 

We start proving that s < u, which, by Lemma 14.31 consists in proving that all 
/3 E Af such that (/3,/i v ) = 2 belong to N(u). Assume f3 G Af and (/3,/i v ) = 2: 
this imply that fi — [3 and 2fi — (3 are roots, and positive, having positive a-height. 
By Lemma 14.51 (1), // — ft £ N(u), since /i — ft + \i is a root, hence ft G N{u). So 
s < m, i.e. there exists v (z W such that u = sv and iV(ii) = iV(s) U sN(v). It 
remains to prove that a G E and t> = f a . 

First, we prove that for all ft G N(u), we have that (/3,/i v ) > 0. Assume by 
contradiction that ft G N(u) and /i v ) = 0, and set ft' = /x — ft. Then ht a (ft') = 1 
and (ft',fi v ) = 2: by the previous part, this implies ft' G N(u), which is impossible. 
Therefore we have (/3,yU v ) > 0, hence (/3,/i v ) G {1,2}, since \i G A^ CT . It follows 
that sN(v) C{fteAf\ (/3,/i v ) = 1}. 

Now, we claim that N(v) C A(E) and that, for each /3 G A + (E) such that Oy, — ft 
is positive, exactly one among ft and 9% — ft belongs to N(v). Assume ft G N(v) 
and set ft' = s(ft). Then ht a (ft') = 1 and (/3',/i v ) = 1, so that // — /?' is a positive 
root, (/i — /3',/i v ) = 1, and ^^(/i — /?') = 1. By the explicit description of N(s), 
9-z — ft = s(fi — ft') is positive, hence ft G A(E). Now let ft G A(E) + be such that 
#E — ft G A(E) + and set /3' = s(ft). Then, 9^, being long with respect to A(E), we 
obtain that {ft, 6%) = (9% - ft, 6%) = 1, hence (ft', fi v ) = (ji- ft', /i v ) = 1. Moreover, 
by the explict description of N(s), both ft' and fi — ft' are positive, therefore both 
have a-height equal to 1. By Lemma 14.51 (2), it follows that exactly one among 
them belongs to N(u), hence to sN(v), therefore, exactly one among ft and #s — ft 
belongs to N(v). Thus v has the property of Proposition 12.11 (6), whence there 
exists ft G E such that v — vp. But svp(ft) = /i, hence ft — a. □ 

We have finally to deal with the posets with fi = ft + k8, ft G LTi. According 
to our definitions, (13.21) and (13. 3p . the assumption that ft + k5 E M. a implies that 
ft is long. 

We start refining the analysis done in [HI Lemma 5.10]. 
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Proposition 4.8. If g° is semisimple, then g 1 is irreducible as a g° -module. If g° 
is not semisimple, then g 1 has two irreducible components as a g°-module. As a 
consequence, the following holds. Denote by w the longest element of Wo- Then 

(1) if Hi = {a} then w (a) = k5 — a; 

(2) if Hi = {a, f3}, then Wo(a) = 5 — f3 and wq(/3) = 5 — a. 

Proof. It is well-known that t ®g l occurs as a submodule of the homology Hi(u~) 
where u~ = J2 a e(-A+)\A ^(f> a ) a - By Garland-Lepowsky theorem, this homol- 
ogy decomposes as ®agrii 

V(— a), as a sum of irreducible ($j° + CK + CcfJ-modules, 
which stay irreducible as $j°-modules. It follows that 

(4.3) r 1 ®^ = V(-a), if n : = {a}. 

Moreover, it is clear that — a occurs as a highest weights of t~ l ®g l , for any a G IIi, 
hence, 

(4.4) r 1 g> g 1 = V{-a) © V(-p), if H x = {a, 0} with a ^(5. 

Since g l is self-dual as a g°-module, if IIi = [a] we obtain that wo(d) = —a, 
hence wo(a) = wo(5' + a) = 5' — a = 25' — a = k5 — a (cf. Section |2~TTI) . as claimed. 

Assume IIi = {«,/?}. Notice that in this case k = 1, so that 5 = 25' and that 
c a(<5) = C/s(5) = 1 (see Section [2TTT) . We have two cases: 

(1) V(-a)* = V(-a) and V(-p)* = V(-p), 

(2) V(-a)* = V{-p) and V(-p)* = V(-a). 

In the first case we have wo(a) = —a, which forces Wq(o) = wq(5' + a) = 5' — a = 
5 — a and this is not possible since c a (wo(a)) = c a (a) = 1, while c a (5 — a) = 0. 
Hence (2) holds. It follows that wo(a) = —/3 and wq(P) = —a. Therefore, wo(a) = 
5' - p = 25' - = 5 - (3 and w Q (P) = 5' - a = 25' - a = 5 - a. □ 

Proposition 4.9. Assume /i = a + k5 G M a , with a E Hi. Set H 0a — H D a 1 , 

Wo ; a — W(H 0ja ), and denote by U7 , a the longest element ofW 0jOl . 

(1) If Hi = {a}, then X 7iA1 ^ if and only ifj — a. Moreover, 

1 a ,n = {s a w , a w }. 

(2) If Hi = {a, (3}, then X 1)a+ ks ^ if and only if 7 = p. Moreover, 

minXfra+ks = s a w , a w . 
Proof. Set x = s a w 0ia w . By Proposition 14.81 we have that: 

(1) if ilx = {a}, then x(a) = s a w 0iO ,w (a) = s a Wo <a (k5 — a) = s a (k5 — a) = k5 + a; 

(2) if II! = {a, P}, then x(p) = s a Wo !a Wo(P) = s a w 0tOl (k5—a) = s a {k5—a) = k5+a. 
We prove that x is a-minuscule. Since wo^vjo G Wo, it is clear that N(wo, a vJo) C 

Aq . In fact, we have N(wo t0l w ) = Aq \ A(LTq )Q! ). Since a is long, for each 7 G 
Aq \ A(n 0i a), we have s a (j) =7 + 0, hence N(x) = {a} U s a N(wo t0l wo) C Ai, as 
claimed. 

So we have proved that x G X a a+fc 5, if H"! = {a}, and x G Xp t a+k6, if Hi = {a, /?}. 

Now we treat separately the two cases. First, let = {a} and assume that 
w G X 7jQ , +fc 5, with 7 G II. Then N{ws 1 ) = N(w) U {a + k5}, hence, since w is 
a- minuscule, 

w(Ci)C f)H+\ p| H+ = P a \D a , 
»?en 
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where we denote by P a the polytope H 6 q q if + . But by [31 Lemma 5.11], there 
is exactly one w G W such that w(Ci) C P CT \ hence w = x, 7 = a, and 

Now we assume IT = {a, (3}, 7 G II and w G Tyj+a- We will show that 7 = /3 
and x < w. By Remark 13.41 (2) both roots in IIi are long; moreover, 5 — a is the 
highest root of A(II \ {a}). For any 7 G II \ {a}, let t> 7 be the element of minimal 
length that maps 7 to 5 — a. We start proving that Wq^Wq = Vp. In fact, it is 
clear that Wq >ol Wq{(3) = 5 — a, so it suffices then to check that (wo, a Wo)~ 1 (7) > 
for all 7 G II such that (a, 7) = 0. If 7 G n 0) a- then (wo^Wo)' 1 ^) = Wo^o,a(7) > 0. 
Moreover, in any case (wo iQ -tfo)~ 1 (/3) > 0, since N(wo t0l w ) C A . Thus we obtain 
Wq^Wq — Vp, x — s a Vp, and N(x) = {a} U s a (N(vp)). 

Now we consider w. Since 10(7) = 5 + a, we have ty _1 (o;) = — 5 + 7 hence 
a G N(w). It follows that w = s Q z with £(w) = 1 + t(z). In particular, N(w) = 
{a} U s Q (A^(2;)). Since 2(7) = 5 — a, we have that A^(zs 7 ) = N(z) U {5 — a}, so the 
biconvexity of N(zs-y) implies that for any pair rji, r] 2 G A + such that 771 + 772 = 5 — a 
exactly one of rji, r] 2 belong to N(z). Moreover, 5 — a being a long root, for any such 
pair of roots we have (r^, (5 — a) v ) = 1, for i = 1,2, since (r/i + 772, (5 — a) v ) = 2 
and (r/i, (5 — ct) v ) < 1, for i = 1,2. It follows that s a (r]i) = r/i + a and therefore, 
that ht a (s a (r]i)) = ht a (r]i) + 1, for i = 1,2. Now, if rji G N(z), s a (r]i) G N(w), 
and we obtain that ht a (rji) = 0. But ht a (5 — a) = 1, so that one of the rji has 
ex-height equal to 1 and the other has a-height equal to 0. This implies that for any 
pair 771,772 G A + such that rjx + r/ 2 = 6 — a, N(z) contains exactly the summand 
77; having a- height equal to 0. This must hold in particular when we take w = x 
and so z = vp. In this case we clearly obtain that N(vp) is exactly the set of the 
summands of cr-height equal to of all the decomposition of 5 — a as a sum of 
two positive roots. So, for a general w, we obtain that N(vp) C N(z), whence 
Wp,a+5 = s a vp < s a z = w as desired. 

It remains to prove that 7 = (3. We have z = Vpy with N(z) = N(vp) U VpN(y), 
and 1/(7) = (3. If 7 7^ /3, then N(y) would contain some roots not orthogonal to 
(3, whence vpN(y) contains some root rj not orthogonal to 5 — a, hence to a. It 
follows that s a (r]) = 77 ± a G N(w). But 77 — a (jL N(w), being summable to a 
that belongs to N(w), hence s 0,(77) = r] + a G N(w). In particular, ht a {rj) = 0, and 
5 — a — 7] G A + : this implies that 77 G N(vp), a contradiction. □ 



We sum up the results we have obtained in the following theorem. 

If S is a connected subset of the set of simple roots, we denote by Sj the set of 
elements of S of the same length of 9$- It is clear that, with respect to A(S'), 9$ 
is a long root, therefore Sj, is the set of the long roots of S, with respect to the 
subsystem A(5). With notation as in Lemma [4.41 and Proposition 14. 9[ we set 



(4.5) 



W a 

sv a 

SpW 0> pW 



if /i = kd — 9s, 6*£ is of type 1, and a G A(J2)j 
if n — k5 — is of type 2, and a G 



if /j = f3 + kd, (3 G IIi 
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and 

A(E)j if fi = k8 — 0£ and 6*s is of type 1 
if fi = k5 — # 2 and 6^, is of type 2 
III if H = P + k6 and {/?} = IT 

^IT\{/3} if fi = p + k8, P G ni, and |n x | = 2 



(4-6) n M = I 



Theorem 4.10. Assume \i G M. a and a G II. ThenX a>fl ^ if and only if a G ILj. 
Moreover, 



= min Z a>/i . 



Proof. The claim follows directly from Lemma |4~4"} Proposition 14. 71 and Proposition 
H3B □ 



5. The poset structure of X a;fl 



We now study the poset structure of the sets X ail . This study is motivated by the 
following result, that shows that the maximal elements of the sets X afl are maximal 
in the whole poset except when a G IT and ji — k8 — 9%, S|n . 

Proposition 5.1. Suppose w G X a ^ and v > w with v G W® b . If v ^ Z a)M , taen 
a G LTi. -fn case, write explicitly IT = fwi/i (3 = a if |IIi| = 1/ Taen 

U G I a ,kS+l3 ■ 

Proof. If f ^ X a ,^, write t> = wxs^y with G X a)/Lt , tras 7 ^ X QjA1 and £(t>) = 
+ £(x) + £(y) + 1. Then (7,0) < 0. Set (a,7 v ) = — r and consider wxs 7 s a . 
We have 

N^wxSrySa) = N(wxs 1 ) U + r7)} = N(wxs 1 ) U {/i + rai(7)}. 

Note that + ru>x(7)) = ht a {jj) + r. Since the latter root is not simple, there 

exists 7] G II such that \i + wx^) — r\ G A + . Since iV(ira,s 7 ) C A 1 and N(wxs^s a ) 
is convex, we have that n ^ n . Hence fj, + rax (7) is minimal in A/^^+j.. Now 
we use Remark 13.11 about minimal roots. If ht a (n) + r = 2s with s > 1 then 
fi + rwxfr) = ks5 — 9% for some £|n . But then, by convexity, M-^ 6 AT(wxs 7 ) 
which is absurd. If ht a (fi) + r = 2s + 1 with s > 1 then /i + rra(7) = ks5 + (3 
for some G III. But then, by convexity, fco" + /3 G N(wxs y ) which is absurd. 
Therefore ht a (ix) = 2 and r = 1. It follows that there exists P G 111 such that 
+ to(7) — P + k5. In turn, we deduce that wxs 7 G X a ^s+p. By Proposition 14. 9[ 
(1), we have a G IT as claimed, and wxs^ G X a ,k6+p with /3 = a if |IT| = 1 and 
111 = {a, /?} otherwise. Since v > wxs 1 G X a ^&+p and ht a (k5 + P) — 3, by the first 
part of the proof, we have that u G X ajk s +/3 , as claimed. □ 

We now turn to the description of the poset structure of X a41 : we will show that 
it is isomorphic to a poset G'\G for suitable reflection subgroups G, G' of W. 

Definition 5.1. For a G II, and £|n , we set 

n a = nna ± , w a = w{fi a ). 

Lemma 5.2. Let \i G u, v G and u < v. Then v = ux with x G H^. In 

particular, 
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Proof. By assumption, there exists x G W such that N{v) = N(u)UuN(x): suppose 
by contradiction that x ^ W a . Then we may assume x = X\S$X2 with £(x) = 

i{x 1 ) + £(x 2 ) + 1, x x G W a , and (5 G fi, /? / a. Then JV(tta;i) U uari(/3) C JV(v). 
But (/3, a) < 0, hence ux\{a)) = (uxi((3), fi) < 0, therefore uxi((3) + \i is a 

root: this cannot happen by Lemma [4.51 (1). □ 

By Lemma l5\2| X a ^ is in bijection, in a natural way, with a subset of W a , namely, 
the subset of all u G W a such that w atfl u G X a)At . We will show that this subset is 
a system of minimal coset representatives of W a modulo a certain subgroup W atfl . 
This will take the rest of the Section. 

We start with giving a combinatorial characterization of the elements u such that 

Wct^U G H a ^. 

Definition 5.2. We set 



{7 G II | (7, 0g) = 1} if fi = k5 — 9s and 0s is of type 1, 
-B M = ^ LTi if A* = k5 — 6>s and 0s is of type 2, 

{/?} if > = k5 + f3, G III, 

= e w a I ^(7) = 1 v 7 g iVH}, 

ifB„ ± 0. J/B„ = 0, we sei 7 a ,„ = {1}. 

Lemma 5.3. Assume S|n , fi = k5 — 9% <E M. a , and set 

B s = { 7 Gn| ( 7 ,fls)>0}. 

Then 

(1) For a// f)GA, 

(5.1) (t?,A* v ) = ht a (r])r s - ht Bs (r))e E , 

where = 2, if |E| = 1, eg = 1, otherwise. 

(2) B s = {7 G n I (7,0^) = 1}, unfess |S| = 1. 

Proof. It is clear that for 7 G II, we have (7, 0%) < if and only if 7 G ITi; moreover, 
recall that r s = -(7, 9%) = (7, /i v ) for all 7 G LTi. 

On the other hand, by definition, we have (7,0s) > if and only if 7 G -Be. 
Clearly, 5s ^ S, and since 0s is long with respect to A(E), it follows that, if 
7 G .Be, then (7, 0^) = 1 unless S = -Be = {0s}, in which case (7, 0e) — 2. 
Therefore, for any 77 G A, 

(",^ V ) = ^yfaX^/O + C 7^)(7,/^ V ) = ht a {r))rz - ht B ^(ri)e^ 

as wished. □ 

Lemma 5.4. Assume X a ^ 7^ 0. For any w G W 7 , w a ^u G X a)M z/ and only if 
U G V^. 
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Proof. We deal with the three cases that occur in the definition of one by one. 
We shall use several times relation (15.1 j) from Lemma [5.31 

1. fi = k5 — 0£, # s of type 1. Then a G A(E), fi is the highest root of A(E), 
and iOq,^ G W(A(E)). It is clear that £?£ fl A(E) = 0, in fact, by Definition 
14. H A(E) is a connected component of II \ B^. In particular, for all rj G A, 
htB^iwa^irf)) = htB^iji). Recall that is the type of 9s. By ( 15. ip . 



Now, assume u G V a ^. If w = 1, obviously w a ^u G X a ^. So we may assume 
u 7^ 1 and |E| > 1. If 77 G N(u), then (r/, a) = 0, so that (w a ^(r]), /x) = 0; 
moreover, Mb s (t]) = = 1. Therefore, by the above identities we obtain that 
ht a {w a ^{ri)) = 1. Thus N{w a ^u) = N(w a ^)Uw a ^N(u) C Ai, hence w a ^u G W" 6 . 
Since = a, we conclude that w a ^u G Z a>/i . 

Conversely, if w a ^u G X a)M with 11 ^ 1, then, by Lemma l5\2l it G W a , so that, if 
77 G N(u), then (17, a) = 0, hence (w aili (ij), ft) = 0. Moreover, ht a {w a ^{rj)) = 1. It 
follows that £ S = 1 and ht Bs (rj) = 1, so htB s (r}) = hbs Aij) = 1, hence it G V^, )M . 

n = k5 — 6y,, Qy. of type 2. Then a G E, and lu^ = si^, where v a is the minimal 
element that maps a to 9-% and s is the minimal element that maps 9% to /i. We 
also know that s is an involution. In this case, 5^ = 111, hence B^ n E = 0. Thus 
the .B^-height is the a-height and, since v a G W(E), we have that t> a preserves the 
a-height. Similarly, since s G W(.A(E)), s preserves the .B^-height. Therefore, for 
all 77 G A, we obtain that 



and also that 

(wa,fi(v)^ V ) = 2ht (T (w a ^(r])) - ht Bs {w aifl (r]))eT, 
= 2ht <J {w a ^{rj)) - ht Bs (v a (ri))ez- 

In particular, if (/i v , w a ^{rf)) = 0, then ht a (w a ^(r])) = ht a (rj) = hts^T]). By Lemma 
15. 2\ this directly implies that w ajfJ/ u G X atfl if and only if w G V atfJj . 

3. fi = k5 + 0, (3 G IIi. If I Hi I = 1, then V a ^ = {1} and, by Proposition [OH 
%a,fi — {w a ,fj,}- So we may assume [Hx | = 2, IT = {a, (3}. Then, with notation as 
in Proposition 14.91 we have that w a ^ = spvp. Since vp(a) = 5 — (3, we deduce that 
Vp l (f3) = 5 — a, hence, if (7, a) = 0, then 

spvpii) = vpfr) - Mi), (3 W )(3 = 17/3(7) - (7, 5 - a w )(3 = 17/3(7). 

It follows that, if 7 G A+, then ht a (w a ^('y)) = ht a {yp{^)) = 0/3(7) — ^^(7) and 
we can argue as in case 2. □ 

Lemma 5.5. Assume a G II, /i G M. a , X QjA1 7^ 0, 7^ 0, and set 



= ht a (w a>fl (l3)) - ht Bs (ii)ex. 



O a , M (r/),/i v ) = (i; a (r/),sii v ) = (v a (r)),9%) = - 
= -2ht a (v a (r))) + ht Bs (va(v))£-£ 
= -2kt a (ij) + htBs(v a {ri))e s , 



A 2 



{ 7 GA(n Q )|/tt BM ( 7 )>2}. 
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Then A^ ^ if and only if /j, — k8 — #s with 9^, of type 1 and |E| > 1, and 
a G A(Y,) \(EU 111). In this case, 6>s is the minimal element in A^ )At7 with respect 
to the usual root order. Moreover, /ite^s) = /i£b e (#e) = 2. 

Proof. We deal with the three cases that occur in the definition of one by one. 

1. /j, — kS — 0£, #s of type 1. Then a G A(E) and |E| > 1, since we are assuming 
j£ 0. In particular 5 S = B^ = {7 G U | (7, 6%) = 1}. 

We first prove that if 7 G A(n a ) and ftis (7) > 2 then 7 > 9-g. We notice 
00, 0£) G {0, 1} for any G A+(E)\{# S }, therefore, since (0 S , 0£) = 2, /if B „(0j]) = 2 
and 9j] is the unique root in A(E) with this property. It follows that we can assume 
7 ^ A(E), so that Med) > 0. Since c a (kS — 7) > 0, we have that A;<5 — 7 is a positive 
root, hence ht a {^) < 2. If ht a {^) = 1, then (7,6^) = 1, hence 7 — 6>s is a root, 
which can't be negative, since 7 is supported also outside E. So it is positive, hence 
7 > Suppose now ht a {j) = 2. Then k5 — ^ G A , hence it should belong to the 
component E' of il to which a belongs, since c a {k5 — 7) > 0. Thus 7 = k5 — f3 with 
/3 G E'. If E = E', then a G T(E). Let Z be the component of T(E) containing a. 
Let i] G IT be a root such that (77, < 0. We have that rj + $z + 9^ is a root, so 
kS — i] — #s — 9z is a root, which is positive since its a-height is 1. It follows that 
kS > 9y, + 9z, hence 7 > 9^ — (3 + Qz- But then c a {pj) > 0, which is impossible. We 
have therefore E' 7^ E. But then 7 = kS — (3 with f3 £ E, so, clearly, 7 > S . 

It remains only to check that A^ 7^ if and only if a G A(E) \ (E U IIi). If 

a G A(E) \ (S U IIi) then 6> E G A(fl a ), hence S G A^. Assume now 7 G A^. 

If a G IIi U E, then S ^ A(II a ), hence 7 > 0£. This is absurd since it implies 
c Q ( 7 ) > 0. 

2. /j, = k5 — 9-E, 9z of type 2. Then a G E and £? M = IT, so that the f^-height is 
the (T-height. We shall prove that, if 7 G A(Tl a ), then ht a (^) < 1. 

Consider first the case k = 2. Assume 7 G A(I1 Q ,). Notice that, if 5 — 7 is a 
root, then it is positive, since then c a (5 — 7) > 0. Since ht a (5) = 1, this implies 
that /it (7(7) < 1- Now, assume by contradiction that ht a ( , ~f) > 1. Since, in any case, 
25 — 7 G A + , we obtain that ht a {j) = 2 and 25 — 7 G Aq . In turn, this implies that 
25 — 7 G A(E), since c a (25 — 7) > 0, and a G E. Thus, since S is of type 2, also 
25 — 7 is of type 2. But this implies that 5 — 7 is a root, hence that ht a {^) < 1: a 
contradiction. 

Next, consider the case k = 1. In case 5„, we have E = {a n } and IT = {«„_i}, 
so a = a n and and ht a {j) = for all 7 G A(n a ). In case C n , we have E = 
{aii, . . . , a n -i} and IT = {ao,a n }, so it is clear that for all a G E, and for all 
7 G A(ff Q ), ^(7) < 1. 

3. n — k8 + (3, (3 G IIi. I n this case a G IT and B^ C IT, so it is clear that, if 
IIi = {«}, then ht a (j) = for all 7 G A(I1 Q ,). If IT = {a, (3}, we obtain in any 
case that ht a (^y) < 1 for all 7 G A(ff Q ). □ 

Definition 5.3. Given a G II and ji G A^o- snc/i £/ia£ X a ^ 7^ 0, we sei 

Ila,^t Ila \ B^, 
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n* 




The main results of this Section is the following statement. Recall that we identify 
a coset space with the set of minimal length coset representatives. 

Theorem 5.6. Let a G II and /i G M. a be such that T a » 7^ 0- Then the map 
u i — y w a ^u is a poset isomorphism between X a4l and W a ^\W a . 

Proof. By Lemma [5.41 we have only to prove that W a ^\W a = V a ^. 

Let u G V ajt j,, «^ 1. To prove that u G W QiAt \W Q we have to show that if/3 G II* , 

then u~ l (f3) G A + : this is immediate from the definitions, since ht B/i (/3) G {0,2}, 
while, for all 7 G N(u), fits (7) = 1. 

Conversely, assume u G W a>IJ \W a , « ^ 1, and 7 G N(u). If, by contradiction, 
ht (7) = 0, then, by the biconvexity property of N{u), we obtain that there exists 

some G (n a \ B^) fl N(u): this contradicts the definition of W a41 \W a . Therefore, 
htBpiy) > 0. By Lemma [575| this implies that hts^iy) = 1 in all cases except when 
H — k5 — 0k, with of type 1 and |E| > 1. It remains to prove that also in this 
case htBu(l) = !• First; we observe that, by Lemma fl~Tl htB s (k5 — 6>s) = 0: it 
follows that htB s (kd~) = /its E (^s) and, by Lemma I5"3| that hts^ikS) = 2. Hence, 
Mb (7) < 2, since fc5 — 7 is a positive root. Now, if we assume, by contradiction, 
that Mb (7) = 2, then by Lemma 15751 we obtain that 7 is equal to 6^, plus a, possibly 
empty, sum of positive roots with null 5^-height. By the biconvexity of N(u), this 
implies that some root in (ILj, \ B^) U belongs to N(u), in contradiction with 
the definition of W a ^\W a . □ 



Our goal in this Section is the proof of the following Theorem. 

Theorem 6.1. (1). If a ^ (3, then X a>At n Ipy 7^ if and only if /i = k5 — 9^, 
n' = k5 — 9'^ with E 7^ E' ; a G E' ; f3 G E ; an<i a, /3, 9^ all of type 1. 
(2). If X a41 H Xg M / 7^ 0, then supjminXQ,^, minX^y} exists. Denoting it by w a ^, 
we have that 



Statements (1), (2) are proved in Propositions 16.71 16.61 respectively. 
Definition 6.1. Assume that E and E' are distinct components o/n . We define 



6. Intersections among X Q)M 's 



i v ni w w((n Q n n^) \ ni)\w(n Q n n^), 



i/ie isomorphism being u i-> w a ^u, u G ^((LTq fl IL3) \ n 1 )\W / (II Q , fl IL3). 




w/^E'niLj, 

\W E ,s'- 
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According to Definition 16.11 and Subsection \2A.2\ 

(6.1) N(uv,v) = {(3e A(A(E, E')) | ht (fi) > 0}. 

It is clear from Definition 14.11 that £' C A(£); in fact, we have the partition 

(6.2) a(e) = (J s'uniur(s). 

s'|n 

From this, we obtain 

(6.3) A(S,S')=r(E)uniUr(E')UE", 
where £" = il \ (£ U E'). In particular we obtain the partition 

(6.4) A(E) = A(E,E / )U(E'\r(E / )). 

Remark 6.1. From equation (16. 3p and Definition 14. 1[ we obtain directly that 9y 
and Oy,' are orthogonal to all the roots in A(E,E'), except the ones in IIi . This 
implies that (/?, S ) < and (ft 0jy) < for all (3 G A(A(£, £')). Moreover, 
by equation (16. ip . for any G A(£, £'), we have the following equivalences of 
conditions: 

CM s )<0 ^ /3eiV(w SjE (/3,^)<0. 
Lemma 6.2. Le£ E and E' 6e distinct components ofU . Then 

Proof. By formula (I6.ip . for all (3 G N(uy,,z,'), ht((3) > 0. Therefore, it suffices to 
prove that, for all (3 G A(v4(£,£')), ht a ((3) < 2. Assume by contradiction that 
G A(v4(E,E')) and ht a ((3) < 2. Then ht a (kd - (3) = 0, hence k5 - (3 belongs 
to some component E" of Ho- At least one among E, E', say E, is not E". Hence 
(k5 — (3, 9y) = 0, which gives (/3, 9y) = 0: this is impossible, by Remark ISTTl □ 

Remark 6.2. If Z is a connected component of A(E, £'), then the sum of the roots 
in Z is a root and, by the Lemma [6.2[ it has a-height at most 1. This implies, in 
particular, that Z contains at most one root of IIi. 

Though we shall not need this fact, we notice that A(E, £') is connected except 
in type A ( n\ in which case A(E, £') = ITi, with IIi disconnected, since E ^ £'. 

Lemma 6.3. Let E and £' be distinct components ofU . If 9y and 9y> are both of 
type 1, then 

(1) me,e'(^e) = #A(£') — kS — 9y,' , and uy,y' is the element of minimal length in 
W , with this property; 

(2) M | j2 , = 1. 

Proof. 

(1) Set u = uy Since L{u) C EEi, by Proposition 12.11 (3), it suffices to show that 
u{0y) = ^A(E') — k5 — 9y>. This is equivalent to show that u~ 1 {6y>) = k5 — 9y- 
Since 9y> is of type 1, hence long, and u~ 1 {6y>) G A(E), it suffices to show that 
{u- x (By'),i) > for each 7 G A(£) = A(E, £') U (E'\r(E / )). We know that 
u = Uo^Uq, where u is the longest element of W(A(T,, E')) and Wo,rii is the longest 
element of t4(E,E')\I1i. Since the only roots in A(£, £') not orthogonal to 9y> 
are the roots in LIi, we see that u _1 (6 , s/) = u (9y>). Thus, since {6y,',i) < 



BOREL STABLE ABELIAN SUBALGEBRAS 



25 



when 7 G A(E, £'), we see that (it -1 ^)^) = (0£',«o(7)) > for 7 G A(£,£'). 
Next we deal with the case 7 G £' \ r(E'). If (7, #£') = then 7/(7) = 7, hence 
(u _1 (6 ) 2'); 7) — (0£'j7) — 0. If instead (7, 7^ and ht a {u{^)) = 1, we are done 
because (0^,«(t)) = (^,,7) - 1 > 0. If kt a {u{i)) = 2 then ht a (k5 - 77(7)) = 0, 
so kS — 14(7) belongs to some component of Ilo. If this component is £', then 
= (kd — 14(7), 6*s) gives a contradiction, since c v (kS — 77(7)) 7^ for all 77 G E such 
that (77, 6*s) 7^ 0. In the other case we have = (k5 — u(j), #£') hence = (77(7), 
and we are done. 

(2) Set again it = Ms,s'- Since Wo(#e) = kS — 6> S / we see that, if a G LTi, then 
Uq{q) = —a. In fact, if Z is the component of A(E, E') containing a, then, by 
Remark 16.2} a is the only root in Z that is not orthogonal to By [B], it follows 
that it is an involution which permutes A(E, E') \ LTi and maps a G 111 to —6*2. □ 

Lemma 6.4. Let E 7^ E' ; 9^,9^,/ of type 1, a G A(E)|, /3 G A(E')^ ; and assume 
that w G X Q ,fc5-e E H Ip^-e^, ■ Then 

(1) m SjS / < iw; 

(2) a G S' and /3 G £; 

(3) uv a vp < w, where v a is the element of minimal length in W(E') iaai maps 
a to Oy,' , and v@ is the element of minimal length in W(£) taa£ maps /3 to 
6t, ■ Moreover, uv a = w a>k s-e s , and uvp = wp >k 8-o s , ■ 

Proof. 

(1) . Let u = «s,£'- If u ^ w, then there is 7 G N(u) such that 7 ^ N(w). Note that 
(7, = (7, ^s') = — 1) hence #£ + 7, + 7 + G A. In particular we have that 
M-^-7G iV(». But then kd - S > + kS - 7 - fl s = 2k5 - fl s - 7 - S , G N(w), 
which is absurd. We have therefore u < w. 

(2) -(3). From (1) we obtain that w = uv with v(a) = 9^. Let U = {/? G iV(n) | 
0£' — /3 G A + }. Arguing as in the proof of Lemma l4.6[ we see that {7 is biconvex, 
hence there is an element x G W(E') such that jV(x) = [/. Since x satisfies the 
hypothesis of Proposition 12.11 (6), we see that there is a root 7 G E' such that 
x = n 7 , where n 7 is the element of minimal length that maps 7 to 9^. We conclude 
that n 7 < v. We now show that £(uv^) = £(u) + £(n 7 ); for this it suffices to prove 
that n _1 (n) = 7/(77) G A + for 77 G iV(u 7 ). If not, then 77 G N(u), hence, by Remark 
16. 1[ (t],9^,) < 0; but 77 G E', hence (77, 0£') > 0. We now prove that L(nn 7 ) = LTi. 
We have N(uv^) = N(u) U u(N(v y )). Since L(n) = Hi, it suffices to prove that 
7/(77) ^ IT for any r\ G N(v y ). Since 77 G E', we have 

(u( V ), fe) = (7/, n(0 s O) = (t/, Arf - 0s) = 0. 

This implies that if 7/(77) = £ G II, then £ ^ LTi and, since n G W(A(E, £')), we see 
that, for any v G -E>xy, we have = c„(£) = c v {u{j])) = 77,(77), hence (77, 0£/) = 0, 
against Proposition 12.11 (8). Since nn 7 (7) = k5 — 9^ = 9a{t,') an d L(w 7 ) C IIi, we 
can apply Proposition ^ .11 (3). to get nn 7 = w lt ks-e s - This implies that w lt k8~e s < w , 
so, by Proposition 15.11 w G X 7iAt , hence a = 7 G E' and nn Q < Similarly, 
(3 = 7 G E and nt^ < w. Since 

(6.5) N(uv a v p ) = N(u) U u{N(v a )) U u(iV(v^)), 

we get that uv a V/3 < w. □ 
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Proposition 6.5. Assume E 7^ 6> S ,# S ' of type 1, a G A(£)y, <™d /3 G A(E')^. 
Tnen I a ,ks~9 s nl^^j,, 7^ i/ and on/y i/a G E' and /3 G E. In i/iis case, 

min(X aifc5 _e E nl^f-jj;,) = Wa^i 

where v a is the element of minimal length in H^(E') t/iat maps a to 9^', and vp is 
the element of minimal length in W(E) that maps (3 to 8%. 

Proof. We first prove that, if a G £' and G E, then uv a vp G I a ,kS-e s nl^fcj-j ,. 
Indeed, it is clear that it suffices to prove that uv a vp G W" 6 . As shown above 
Wa,fc<5-6» E = and W/3 : k5-e s , = Wj8- From (I6.5P we deduce that N(uv a vp) = 
N{w at k8-e^) U N(wp ) ks-e s ,) hence uv a vp is a cr-minuscule element. The remaining 
statements follow from Lemma 16.41 □ 

Definition 6.2. Let E 7^ and 9%i of type 1. Consider a G E^ ; /3 G £j and 

let v a be the element of minimal length in W{T!) that maps a to S / and vp the 
element of minimal length in W(E) that maps (3 to 6%. Then we set 

Proposition 6.6. Let E 7^ E' ; 9%, 9r,> of type 1, a G E^ and (3 G E^. Tnen 

w tt ^ = suplminZ^minX^/} 

and 

w a ^x G I aj ks-e s H Ip^s-e^, 

if and only if 

x g w((n a n ff^) \ no\w(n a n n^). 

Proof. Since N{uv a vp) = N(w a ,k5-(k) ^ N(wp,ks-e s ,), ^ follows that 

= sup{w Qjfc(S _ eE , ^, fc 5-e s ,}. 

Take 2 G W^((n Q n Up) \ L T i)\W / (fl a n fl^). We now show that w ay px G l a ,k5-e s H 
I/3 t k5-9 s ,- We may assume that 1 / 1, in particular |E| > 1. It suffices to see 
that w ai px is cx-minuscule. Writing w a ^x = w aj ks-e s vpx, by the proof of Theorem 
15.61 it suffices to prove that vpx G V a ,H-QT,- Since we already know that vp G 
V a ,kd-e s , we are left with proving that htB^{vp{^)) = 1 for each 7 G N(x). We have 
0/3(7), #s) = (7,/3) = 0, hence ht Bs (vp(j)) = ht a (vp(j)) = ht a (j) > I. Actually, 
the latter cr-height is 1: if it were 2, then k5 — 7 would belong to some component, 
but this is impossible since both a and (3 belong to its support. 

Vice versa, assume w a ,px G Z a ,k6-e s H Ip t k8-e s ,, with £(w at px) = £(w at p) + £(x) 
and 1 / 1. By Lemma |5~2"} we get Vpx G W a ,v a x G W73; but G W a , hence 
x G Wq, and similarly x G W 7 ^. We are left with proving that L(x) C EEi, so take 
7 G iV(x) D II. Recall that vpx G V^kS-On, hence 
(6.6) l = ht Bs (vp( 1 )) = ht a (vp( 1 )). 

If 7 ^ LTi, then 1^(7) G A , so ht a {vp{^)) = against f)6.6p . Therefore 7 G III, as 
desired. □ 

Proposition 6.7. Assume fi, fi 1 G M. a , and a, /3 G II. Tnen Z aiM nl^^ 7^ i/ and 
onZy i/ either a = (3 and fi = //', or ji = k5 — 9%, //' = kS — 9' E , with E 7^ £' and 9^,, 
9y,' of type 1, a G and /3 G E^. 
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Proof. In Proposition 16. 5[ we settled the cases \i = k5 — 9%, p! = k5 — 9' s , with 
E ^ E' and 9%, 0jy of type 1. It remains to prove that X QjAt nl^ = in all other 
non trivial cases. 

We suppose by contradiction that there is w G X Q)M fl Zp ifl ' and treat the possibile 
cases one by one. 

1. Let a, (3 G IT and fi = k5 + 0, p! = k5 + a. Since N(wp t k5+ a ) C N(w) and 
Wg kS+a (a) = —k5 + (3 we see that a G N(w). If n = then (a, (3) ^ 0, so 

k5 + a + (3 G A and this implies that kd + a + (3 G N(w). This is impossible since 
fa^M + a + (3) = 4. If n ^ and E|n then E + a G A, so fc5 - 6> E - a G A+. 
Since A;5 — a; = # s + k5 — 9^ — a, using the explicit expression for wp^s+a given in 
Proposition 14. 9[ we see that 6*s + a = s a (9-£,) G N(w). Since a + (3 + 6*s G A, this 
implies that (Zc5 + (3) + (a + # 2 ) G iV(u>) and again this gives a contradiction. 

2. Let a, 7 G IT, /i = fc5 + 7, /i' = k5 — 9^- As above, we see that ^ + 76 
N(w a , kS+7 ) C iV(u>). But then £;5 - 6> s + 6» E + 7 = fc5 + 7 G iV(w) and this is 
impossible. 

3. Let p = k5 — 9%, p' = k5 — 9%/ with 6*2 of type 2. We have clearly E ^ E. 
Assume first #s complex. If 5 — 9^ is a simple root then LT = £ U IT contrary to the 
assumption that S 7^ Thus 5 — 9^, is not simple. We now rely on the explicit 
description of w a ^ given in Lemma 14.71 If 7 G LTi, then 7 G N(ss-e s ), hence 
25 — — 7 G N^s-ov) C iV(w Q)/ J C iV(w). But then (25 - S ,) + (25- 2# s -7) = 
45 — #£/ — 7 — G N(w) and this is not possible. It remains to check the case when 

is short compact. There is only a case when this occurs and n has more than 
one component, namely type Bn with IT = {a n _i}. By the explicit description of 
Wa tfJj given for this case in Lemma S3, we see that 9-£> G N(w a)li ) C iV(itj) and this 
gives clearly a contradiction. □ 

7. Maximal elements and dimension formulas 

In this Section we give a parametrization of the maximal ideals in and 
compute their dimension. 

As a first step in our classification of maximal ideals, we determine which X QjA1 
admits maximum. Let U\ denote the set of roots of type 1 in IT. 

Proposition 7.1. 

(1) If 9s is of type 1 (resp. type 2) and a G T(Yi)j U H\ (resp. a G Tq) then 
Z a ,k8-9s has maximum. 

(2) Suppose that a G G £, and £ 7^ £'. // 9^,9^/, a, (3' , are all roots of 
type 1, then Zat,k6-fa H Z/3,k8-9 s , has maximum. 

(3) // nj = LTi awe? ct,/3 G LTi, then X a ^ + ks has maximum whenever it is 
nonempty. 

Proof. Recall that, by Theorem 1 5. 6 [ X a41 is isomorphic to W a>fl \W a . The subgroup 
W a ^ is standard parabolic for any a and fi except when /i = k5 — 9%, 9% of type 
1, |E| > 1, and a G A(E) \ (EU Lli). The existence of the maximum in cases (1) 
and (3) follows now from subsection 12.4.21 The same applies to I a ,k6-e s , H Tp )k g_g s , 
by Theorem 16.11 □ 

We already saw in Proposition 15. II that, in many cases, the maximal elements of 
are maximal in W" fc . The next result deals with the remaining cases. 
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Proposition 7.2. If Hi = U\ = {a,j3} (with possibly a = (3), 8^, is of type 1, and 
w G 2a,M-fe; then w < max(X aM+p ). 

Proof. By Proposition I7.1[ Xa^s-e^ has maximum. From subsection 12.4.2] we see 
that its maximum is w max = w Qj fc5_0 E w;o,B E w o n a , where is the longest element 

of W(U a \Bz) and w n a * s the longest element of W a . Clearly there is a root 
as G E such that (as, a) ^ 0, and we note that this root is necessarily unique, for, 
otherwise, E U {a} would contain a loop, and this is only possible in the adjoint 
case of type A n . But in this case a is not of type 1. 

We now show that .x>o,b e w n a («s) = This is clear if |E| = 1 so we assume 
|E| > 1. Recall that u>o,a is the longest element of W((Ho) a ). Let wb s be the 
longest element of W((Ho) a \Bj]). Obviously N(wB s wo t0l ) C N(wo t B s w g ) and 
we know that u^u^a^s) = 6>£. We show that v (as) = #s for any v such that 
WB s wo ta < v < wo t B s w Q fi a . This is proven by induction on £(v) — (-{wb^wq^). 

Assume that v(a^) = # s and wb^Wq^ < v < vs 1 < w 0i b s w ^ with 7 G n a . 
We need to prove that vs^(a^) = 9^. Set (as,7 v 
fs 7 (as) = 0E+rv(y). Observe that v G V a> ks-e s , so ht 
ht Bs (vs-y(aY:)) = 2 + r. We claim that ht B ^{y) < 2 for any v G A(IT\{a}). Indeed 
this is obvious if |LTi| = 1 and, in the hermitian symmetric case it follows from (15. ip 
and the observation that, in this case, ht a [y) < 1. We conclude that r = and 

at 
□ 



— r with r G Z + . Then 
B s y v (l)) = 1- It follows that 



Having shown that Wq^Wq g a (as) = 6 



s, we have w r 
k5 - 6^ 



Now ht a (w ajk s-8^{0Y)) = (w a ,ks-9s(9v), k5 - 6^) + ht Bs {6ji) = 1. This proves that 

g m b 



WmaxSax S VY? ', SO WWc^ G l a ,k&+P so w »i < max(l a:k 8+f3 



Proposition 17.11 allows us to give the following definition: 

Definition 7.1. // 0^ is of type 1 (resp. type 2) and a G r(E)j (resp. a G ^j), 
we let MI(a) be the maximum of I at ks-e s - 1/ S / S' and 6>£,6>£/, a G E',/3 G E 
are all roots of type 1, we let MI (a, (3) be the maximum of I a ,k5-&r,i ^^p,ks-e s - If 
q,/5 6 n{ with I a: k5+i3 7^ 0, we let MI(a) be its maximum. 

We are finally ready to state the main result of the paper, which gives a complete 
parametrization of the set of maximal abelian b°-stable subspaces in W" b . For nota- 
tional reasons, it is convenient to fix an arbitrary total order -< on the components 
ofLV 

Theorem 7.3. The maximal b°-stable abelian subalgebras are parametrized by the 
set 



( 



(7.1) M 



U r ( s )i 



, s|n 

\S of type 1 



\ 


( \ 


( 


u 

/ 


u ^ 

\S of type 2 ) 


u 

V 



u 



(E^ x E4 



s,s'|n ,s^s' 

' of type 1 



UT1{. 



J 



Remark 7.1. In the adjoint case, there is just one component E in ITo, which is 
the set of simple roots of q. In the r.h.s of (17. II) the only surviving term is Ej, so M. 
is the set of long simple roots of q. This parametrization has been first discovered 
by Panyushev and Rohrle [16], [17] . 



Now we begin to work in view of the proof of Theorem 17.31 We need to study 
the maximal elements of I QiAt . This is immediate when X a41 has maximum, more 
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delicate in the other cases. We also need to determine when a maximal element of 
occurs in different X a ^s. The description of the intersections among different 
X aiAt 's given in Section E] is the key to solve both problems. We start with the 
following 

Lemma 7.4. Assume E ^ E'. If 9%, a G E ; are all roots of type 1 and w G 
la^ks-dj,, is maximal, then there is 77 G E' swc/i that w(j]) = k5 — 9^. 

Proof. Write w = w at ks-e s , x with x maximal in V at kS-8 s , ■ If E' = {#£'}, then by 
Lemma IS~5l and Theorem 15. 6[ x — 1, so w{9y,') = 'Us.E'^a^E') = k5 — 6> s . 

If |E'| > 1, then by Definition 15. 3[ we have that W at ks-e s , 7^ {!}■ If follows that 
x cannot be the longest element of W^(ILj,), hence there is a root 7 in U a such that 
2(7) > 0. Since x is maximal, then /i£b e , (2(7)) 7^ 1, hence ht Biil (x{j)) G {0,2}. 
Next we exclude that /i£,B E , (2(7)) = f° r au 7- We start with proving that if 

htB s ,( x (l)) = 0, then 2(7) is simple. Indeed, if 2(7) — (3 G A+ with /3 G" -£>£', 
then, by convexity of N(x), we have that G N(x), contradicting the fact that 
x G V aj ks-e s ,- If, f° r ah roots 7 in IT a such that 2(7) > we have that 2(7) G I1\5 S ', 
then, arguing as in Proposition l3.3l we see that N(x) is the set of roots (3 in A+ such 
that ht Bs ,(f3) > 0. Since (9^,9^,) = 2 and |E'| > 1, we see that this contradicts 
again the fact that 2 G V a> ks-e s , ■ 

Therefore there is 7 such that ^ts s , (2(7)) = 2. Then, arguing as above, we see 
that 2(7) is minimal among the roots (3 such that hts^, (0) =2. By Lemma \h.h\ we 
have that 2(7) = 9^. 

Arguing as in the proof of parts (2), (3) of Lemma 16.41 one checks that there 
is rj G E' such that v n < 2. It follows that w a! k5-e s ,v v < w. Since w a ^s-e s ,v>n = 
Ms,s'fafi) G X^^s-es, by Proposition 15. II we have w G X V! kS-e s as desired. □ 

We are now ready to prove Theorem 17.31 

Proof of Theorem \7.3[ Consider the map MI : M. — > W" b defined in Definition 
17.11 Let MAX be the set of maximal abelian b°-stable subalgebras of g 1 . By 
Propositions 15. II and 17.21 it is clear that MI(m) G MAX for any m G M. We next 
prove that MI : M MAX is bijective. First we show that MI{M) = MAX. 
Let w be maximal. By Proposition 13.31 we have that w is maximal in X a41 for some 
fi G Ai a . If a G Hi and it is of type 2, then \i is of type 2, hence = k5 — # s with 
#e of type 2, but this case is ruled out by Theorem 14.101 We can therefore assume 
a of type 1. From Proposition 17.21 we deduce /i = (3 + k5 so that a, j3 G IT}. Hence 
if = MJ(a). If a ^ IIi then, by Proposition 14.91 we have that fi = k5 — 9%. If 
a G E and 9s is of type 1 (resp. type 2), then by Theorem 14.101 we have a G r(E)j 
(resp. E^) and by Proposition 17. 1 1 we have w = MI(a). Finally assume a G E' 7^ E. 
In particular, by Theorem I4.1U[ a, 9%, and 9-s> are of type 1. By Lemma I7T41 and 
Proposition 17.11 (2), we see that there is (3 G E' such that w = MI(a, (3). 
Finally we prove that MI is injective. Set 

(7.2) Y= |J r(E)jfU |J E|UnJ. 

s|n s|n 

E of type 1 E of type 2 

If a, G F, it follows readily from Theorem 16. II that MI (a) = MI{[3) implies a = 
(3. Theorem lOl also implies that MI(a) ^ MI((3, 7) for a G Y and ((3, 7) G E ? x Ei 
with /3,7, E,E' of type 1. Suppose finally that MI(a,(3) = MI(-f,ri) with a G Ej, 
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(3 G Tij, 7 G E£, G E|', and E, E", all of type 1, and E -< E', E" -< E'". 
Set w = MI(a,(3) = MI{pf,vi). We have w G Z a ,k8-9 S , nl 7> H-8 Em 7^ 0- Thus either 
a = 7 and E' = E'" or 7 G E' and a G E'". In the first case we have w(f]) = k5 — 6t, 
so /3 = 1]. In the second case we have E = E'" and E" = E' contradicting the fact 
that E" -< E'". □ 



As a complement to Theorem I7.3[ we compute the dimension of maximal abelian 
subspaces. 

Recall from (I2.5I) that gn denotes the dual Coxeter number of a finite irreducible 
root system R. Suppose E is a component of n . To simplify notation, we set 
Qt, = fi'A(s) and, if 9^, is type 1, <M(£) = 9a(a(t,)) (note that in this case A(v4(E)) 
is irreducible by Remark 14.11) . Also recall from Section LTTJ that K is the canonical 
central element of L(q, a) and g is its dual Coxeter number and from Section [3] that 
we denote by a the squared length of a long root in A + . 

Lemma 7.5. Let 7 G A re . Then 

(1) (k5 + 7) v = j^K + 7 V . In particular, (k5 - # s ) v = r^K - 9%. 

(2) // 9 S is of type 1, then gMT,) = g ~ fi's + 2. In particular, if a £ A(T>)j, 
then £(w a:kS - ei: ) = g - # s . 

(3) I/^s 0/ i? and a G E^ ; t/ien ^(wa^-es) = g — 1- 

(4) If a, {3 G U\, and (3 ^ a if \U\\ = 2, then £{wi3,k8+a) = g - 1. 

Proof. We compute, using (12.11) : 
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(kd + 7j v = 77-77^ (5) +7 = n— fT5 -f^ + 7 

nil a o 7" 



A direct inspection shows that — ^° Q °^ = a- This proves (1). 

To prove the first part of (2) we observe that 5U(£) = htfiy((k8 — #e) v ) + 1- 
The result then follows readily from (1). By Proposition 12.11 (T4"j) and (I4.5p . we see 
that if 9^, is of type 1 and a G A(T,)j then % Q ,tj-9 s ) = Qa{t.) — 2 = g — Qt.- For 
(3) recall that w a ^s~e s = sv a , s being the element of W described in Lemma fl~3l 
and v a the element of minimal length in W(E) mapping a to It follows that 
£(w olt k6-e Tj ) = £{s) + qy, — 2. It is therefore enough to show that £(s) = g — gs + 1. 
Start from the following formula, which is a variation of e.g. [TOj Exercise 3.12]. It 
is easily proved by induction on £(w): 



(7.3) W " 1 (A) = A-^(A,/3 



i=l 

fa,-. 



Here w G W, A G f)*, • • • is a reduced expression of w and (3j = ■ ■ ■ Si j _ 1 
(so that N(w) = . . . and Z = £{w)). Applying (17. 3p to w = s and A = 
k5 — 9% and using Lemma 14.31 we obtain that s(A) = A — 2^'=i r i a ij; where 
r j = ijji^jp- m turn, recalling that s(/i) = 9% and applying (g s 2 g H ) to the previous 
equality we get 



^ = (M-^) v -2^ 



<x v .. 
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In particular, taking ht^ v of both sides, we obtain 2£(s) = ht^ v ((k5 — 6*s) v ) — + 
Now use part (1) (recall that = 2) to finish the proof. 

To prove (4), we recall that, by Proposition 14.91 wp >a+ ks = s a w 0ia w , hence 
N{w^ a+ k&) = {«} U s a N(wo,aWo)- By definition, for all 7 G N(wo ta wo), we have 
(7, a v ) < 0, hence (sq7, a v ) > 0. Now it is clear that s a ^ 7^ a, so that s a 7 — a is 
a root. Since 

12 11 „ 112 



s a 7 ^ , s a7 I 

12 = 1 + ~ (W, " ) 



\\a\\ 

and a is long, then (s Q 7,a v ) = 2 and ||s a 7 — a|| =0 or (s a 7,a v ) = 1. The 
first case implies s Q 7 = c5 + a for some c 6 l \ {0}. This is not possible, since 
ht a (s (X j) = 1. Hence (s Q 7,a v ) = 1 for all 7 G A^(w ,aWo). Now, formula (17. 3p 
with w = Wp ;a+ i-g and A = a + fc<5 gives /3 = a; + fc5 — 2a — X]j=2( a ' A V ) a «j w hh 
{/3 2 , • • • , A} = s q A^(w ,qWo) and, applying 



2 ,,-1 



(a, a) 



/3 v = ;r-a v -^, 

i=2 

It follows that / = g — 1, as claimed. □ 

If is a simple Lie algebra, let g s be the dual Coxeter number of the root system 
of q. It is know that g = g g if q is simple and that g = in the adjoint case 
= £ © C. The following result gives our dimension formulas. 

Theorem 7.6. If Oj: is of type 1 and a G TiT^j, then 

(7.4) dimMJ(a) = g - <? s + |A+| - |A+(fl^)|. 
//« 6 IlJ, or a 6 E| u>rf/i 9^, 0/ iype t/jen 

(7.5) dim Afl(a) = g - 1 + |A+| - |A+(fl Q , M )|. 
If a G S|, /3 G wit/i S / S' and 9^, 9^,' of type 1, then 

(7.6) dim M/(a,/3) = g - 2 + |A+(n a |A + ((fi Q n 9^) \ rLj|. 
Proof. By (TJSD, Theorems I4TTU1 and I5T61 imply that, for a G Y (cf. (1721) ) 

dimMJ(a) = i(w a ^) + |A+| - |A + (n; iM )|. 

Note that in the current setting we have that IT* = IIq,^. Using part (2) of the 
previous Lemma we obtain (I7.4p . Likewise, if #s is of type 2 and a G £j, or a G LTj 
then ( 17. 5p follows from (3), (4) in Lemma [7.51 

Finally, we have to prove (17. 6p . Theorem 16.11 gives 

dimM/(«, 0) = e{w a , p ) + |A+(n a n n^l - |A+((n Q n n^) \ n x )|. 

So it remains to show that i(w aj p) = g — 2. From Lemma 16.41 (3), we know 
that w a)/ 3 = Uz^tVaVp with £(w a> p) = ^(ws,s') + t{v a ) + £{vp), where v a , v@ are the 
elements of minimal length mapping a, (3, respectively, to the highest root of their 
component. By Proposition 12.11 (4), the lengths of the latter elements are g>s — 2, 
<7s' — 2, respectively. We know that u^u'Vp is the element of minimal length in 
W(A(Ti)) mapping to k8 — 6>£. Hence £(«£,£') + £(vp) = fi'A(s) — 2. Using Lemma 
17.51 (1), we have 

^(«s,s') = 9AQ2) ~ Shy = g - 9n - 9n' + 2, 
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hence (I7.6P is proven. 



□ 



Remark 7.2. The dimension formula in the adjoint case is a specialization of ( 17. 5p 
and is due to Suter [T9]. For a refinement of Suter's formula, see [2j Theorem 8.13]. 

Example 7.1. We illustrate our results when q is of type E$ and q° of type A\ x E 7 . 
We denote by Si the component of n of type A\ and by S 2 that of type E-j. 

Q «8 



Si 



o 



-o- 



-o- 



-o- 



+>- 



-o- 



-o 



OLq 0L\ 0L 2 «3 «4 CK5 C(Q OL-j 



Then A(Si) = n \ {« }, T(Si) = 0, A(S 2 ) = n \ {a 7 }, T(S 2 ) = S 2 \ {a 7 }. Set 

A*l = — ^Ei + A*2 = -#s 2 +5, /i 3 = Qti + 5. 

By Theorem 14.101 the poset X ai ^ j is non empty if and only if 

6 {(k, 1) | 1 < k < 8} U {(k, 2) | A; = 0, 1, 2, 3, 4, 5, 6, 8} U {(1, 3)}. 

By Theorem 17. 3} the maximal b°-stable abelian subspaces are MI(ai), 2 < i < 6 
and i = 8, MI(a h a ), 2 < % < 8, M/(o; 1 ). More explicitly, 



MJ(ai) = maxZ Ql 
MI(a.i) = maxl. 



/'3 • 



2 < i < 8,« ^ 7, 



M/(ai,a ) = max(X a0iM2 nl^^), 2 < i < 8. 

The following table displays the relevant data necessary to calculate the corre- 
sponding dimensions using the formulas provided in Theorem 17.61 The formula in 
question appears in the leftmost column. Recall that g = 30 and that qe 7 = 18. It 
is easily checked that B^ 2 = {aj}, = {ai}. 



(|7.4|) 


MI (a) 


type of A a 


type of A(n a)/i ) 


dim MI(a) 




MI(a 6 ) 


A 5 x A x 


A 5 x A 1 


30-18+16-16=12 




MI(a 5 ) 


A 4 x A x 


A, 


30-18+11-10=13 




MI(a 4 ) 


A 3 x A 2 x A\ 


A 3 x Ai x Ai 


30-18+10-8=14 




MI(a 8 ) 


A 5 x A 2 


A 5 X Ai 


30-12+18-16=14 




MI(a 3 ) 


A 2 x A 4 


A 2 x A 3 


30-18+13-9=16 




MI(a 2 ) 


A x x L> 5 


y4i x D 4 


30-18+21-13=20 


([7^D 


MI(a,f3) 


type of A(n a nn„) 


type of 


dim MI{oi) 








A((n a nn /3 )\ni) 






MI(a ,ai), 


R 


R 


28=30-2 




2<i<8 










MI(a) 


type of A a 


type of A(II aiM ) 


dim MI(a) 




Ml\a x ) 


E e 


Eg 


29=30-1+36-36 



The symbol R in the fourth to last line of the previous table means that if A(n a nllg) 
is of type R, then also A((n o fl IL3) \ IT) is of type R. This happens because 

ai £ n Q0 . 
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Example 7.2. Here we illustrate another example corresponding to g of type D 5 
and 0° of type A\ x B 3 . We denote by S x the component of n of type A 1 and by 
E 2 that of type B 3 . The corresponding picture is 

Si o < • o cp^=o £ 2 

«0 Ct\ Ot2 «3 Ci\ 

Then A(£ 2 ) = {a , «i, a 2 }, T(S 2 ) = {a 2 }. Set 

Mi = — fsj + 25 = -a + 25, /i 2 = -0 S2 + 25, /x 3 = «i + 25. 

By Theorem 14.101 the poset Xq,. ^. is non empty if and only if 

G {(0,1), (1,2), (1,3), (2, 2)}. 

By Theorem \7.'3\ the maximal b°-stable abelian subspaces are Ml(di), < i < 2. 
Recall that g = 8 and that gs 3 = 5. It is easily checked that _B W = B m = 
= {a 3 }. 

Since «o = 9^ is of type 2, we can calculate dim(M/(a )) using formula (17.51) . 
Since A(Il QOi/Jl ) = A ao , we obtain 

dim(M/(a )) = 8-1 = 7. 

Exactly the same calculation works for a = a±, so that dim(MJ(ai)) = 7. Finally 
dim(M/(a 2 )) is computed by (17.41) . We have that Il a2 = {ao, a^}, so A Q2 is of type 
A\ x A\ and H a2 ,p 2 = n a2 . Thus 

dim(M/(a 2 )) = 8- 5 + 2- 2 = 3. 
Proposition 7.7. In the hermitian case, if a G Hi, we have 

dim(M/(aO) = 

Proof. Let LTi = It is clear that a root of L(g,a) has a-height 1 if it is 

greater or equal than exactly one among a, (3. Hence 

(7.7) r 1 ®g L = L(g,cr)^® L(s,<r)- 7 . 

ft^Supp^) a^Supp{"f) 

Since there is an automorphism of the Dynkin diagram of L(g,a) switching the 
elements of Hi, the two summands in the r.h.s. of (17. 7p have both dimension 
dim(g 1 )/2. Set F a = {—7 G A | 7 > (3 and a ^ Suppipf)}. It is clear that, if 
—7', —7" G F a , then —7'— 7" G" A; moreover, for each G Aq such that — 7+r/ G A 
we have that —7 + 77 G F a . It follows that ^-J^ L(g, a)_ 7 is an abelian bistable 

a^5«pp(7) 

subspace of t^ 1 Cg> g 1 , hence, by Remark [3.61 it corresponds to a b°-stable abelian 
subspace of g 1 . In order to conclude the proof, we shall prove that the element of 
yyab correS p 0nc [i n g to the latter subspace is MI (a). Set z = MI (a). By formula 
(14. 5p . Theorem I4.10[ and Lemma l572| z = spz' with z' G W^n \ {a}). It follows 
that N(z) C — F a and therefore, by the maximality of MI (a), that N(z) = —F a : 
this proves the claim. □ 
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Remark 7.3. If we take Hi = {«o, /?}, where «o is the extra node of the extended 
Dynkin diagram associated to g, then the sum i of all root subspaces corresponding 
to {7 > (3 I a $ Supp(j)} is an ideal of the Borel subalgebra of g corresponding to 
the simple system II \ {«o}- Moreover, if w is the element associated to this abelian 
ideal via Peterson's bijection quoted in the Introduction, then N(w) = {7 > «o | 
(3 ^ Supp^)}. Now Proposition 14.91 implies that w({3) = 5 + «o, hence this ideal is 
included in the maximal ideal associated to (3 via the Panyushev bijection [17] . By 
Theorem 17.61 and Suter dimension formula, we obtain that i is exactly this maximal 
ideal. Notice that this applies to any simple root (3 of g that occurs with coefficient 
1 in the highest root of g. 

Remark 7.4. As recalled in the Introduction, Panyushev [15] investigated the 
maximal eigenvalue of the Casimir element of g° w.r.t. the Killing form of g. In 
particular he showed that in the hermitian case N = dim ^ s ^ gives the required 
maximal eigenvalue. By the previous Proposition, if V\,...,Vn is any basis of 
MI (a), then Vi A . . . A is an explicit eigenvector of maximal eigenvalue. 

References 

[1] P. Cellini, P. Papi, ad-nilpotent ideals of a Borel subalgebra, J. Algebra 225 (2000), 130-141. 
[2] P. Cellini, P. Papi, Abelian ideals of Borel subalgebras and affine Weyl groups, Adv. Math. 
187 (2004), 320-361. 

[3] P. Cellini, P. Moseneder Frajria, and P. Papi, Abelian Subalgebras in ^-Graded Lie Algebras 

and Affine Weyl Groups Internat. Math. Res. Notices (2004) 43, 2281-2304. 
[4] P. Cellini, V. G. Kac, P. Moseneder Frajria and P. Papi, Decomposition rules for conformal 

pairs associated to symmetric spaces and abelian subalgebras of 1,2-graded Lie algebras, Adv. 

Math. 207 (2006), 156-204. 
[5] V. Deodhar, A note on subgroups generated by reflections in Coxeter groups. Arch. Math. 

(Basel) 53 (1989), no. 6, 543546. 
[6] N. Iwahori, H. Matsumoto, On some Bruhat decomposition and the structure of the Hecke 

rings of p-adic Chevalley groups. Inst. Hautes tudes Sci. Publ. Math. No. 25 (1965), 5-48. 
[7] N. Jacobson, Schur's theorems on commutative matrices, Bull. Amer. Math. Soc. 50 (1944), 

431-436 

[8] V. G. Kac, P. Moseneder Frajria and P. Papi, On the Kernel of the affine Dirac operator, 
Moscow Math. J. (2008) 8 n.4, 759-788. 

[9] B. Kostant, Eigenvalues of the Laplacian and commutative Lie subalgebras, Topology 3 
(1965) suppl. 2, 147-159. 
[10] V. G. Kac, Infinite- dimensional Lie algebras, third ed., Cambridge University Press, Cam- 
bridge, 1990. 

[11] B. Kostant The Set of Abelian ideals of a Borel Subalgebra, Cartan Decompositions, and 

Discrete Series Representations Internat. Math. Res. Notices (1998) 5, 225-252. 
[12] B. Kostant Powers of the Euler product and commutative subalgebras of a complex simple 

Lie algebra, Invent. Math. 158 (2004), 181-226. 
[13] A. Malcev, Commutative subalgebras of semi-simple Lie algebras, Bull. Acad. Sci. URSS Scr. 

Math. 9 (1945), 291-300 [Izvestia Akad. Nauk SSSR] A. I. Malcev, Commutative subalgebras 

of semi- simple Lie algebras, Amer. Math. Soc. Translation 40 (1951). 
[14] P. Moseneder Frajria, and P. Papi, Casimir operators, abelian subalgebras and u-cohomology, 

Rendiconti di Matematica, 27, 265-276 (2007). 
[15] D. Panyushev, Isotropy representations, eigenvalues of a Casimir element, and commutative 

Lie subalgebras, J. London Math. Soc. 64 (2001), no. 1, 61-80. 
[16] D. Panyushev, G. Rohrle, Spherical orbits and abelian ideals, Adv. in Math. 159 (2001), 

229-246. 



BOREL STABLE ABELIAN SUBALGEBRAS 



35 



[17] D. Panyushev, Abelian ideals of a Borel subalgebra and long positive roots Internat. Math. 

Res. Notices (2003) 35, 1889-1913. 
[18] I. Schur, Zur Theorie der vertauschbaren Matrizen, J. Reine Angew. Math. 130 (1905), 

66-76. 

[19] R. Sutcr, Abelian ideals in a Borel subalgebra of a complex simple Lie algebra, Invent. Math. 
156 (2004), no. 1, 175-221. 

P.C.: Dipartimento di Scienze Universita di Chieti-Pescara, Viale Pindaro 42, 65127 Pescara, 
Italy; cellini@sci.unich.it 

P.M.F.: Politecnico di Milano, Polo rcgionale di Como, Via Valleggio 11, 22100 Como, Italy; 
pierluigi . mosenederOpolimi . it 

P.P.: Dipartimento di Matematica, Sapienza Universita di Roma, P.le A. Moro 2, 00185, Roma, 
Italy; papi@mat.uniromal.it 

M.P.: Dipartimento di Matematica, Sapienza Universita di Roma, P.le A. Moro 2, 00185, Roma, 
Italy; pasquali@mat.uniromal.it 



